Eciu Ha HEKOTOPOM MHOXECTBE (DYHKIIHSI
f(X) ctporo Bo3pacraer, a pyukius g(X)
cTporo yoObIBaet, To ypaBHeHue Buza f(X) =
g(X) umeet He OoJiee OAHOTO KOPHS
(YTBEpIKICHHE BBITIOJIHSICTCS M B CITydae
HECTPOrOll MOHOTOHHOCTH OJHOM U3
byHKIHN).

Y TBepKICHHE MO3BOJISIOT 00OCHOBBIBATD
CIMHCTBCHHOCTD PEIICHHS YPABHCHHS B TEX
Cllydasix, KOT/Jia CBeCTH €ro K IpoCTeHIIeMy
HE yJaeTcsi, HO YIaeTcs Mmoa00paTh KOpeHb.

Hoxazamenvcmeso: Ecnu g(X) ctporo
yObIBaeT, To —g(X) CTpOro Bo3pacraer,
toraa u(x)= f(x) — g(x) MoHOTOHHO
BO3pacTaeT Kak CyMMa JIBYX
Bo3pacratommux. Toraa ypasaenue f(x) =
g(x) cBenock k ypaBaenuto U(X)=0.
[penmonoxuM, 9To MOCIIeHEE YpaBHEHHE
umeet 6oJiee OJHOTO KOPHS, HAITPUMEp X1 U
X2. ITycTh X1 <X2. B crily MOHOTOHHOCTH
u(x) Torma U(X1)< U(X2), 9TO MPOTHBOPEUUT
ycnoBuio U(X1)=0= u(x2).

Pemmre ypaBuenue X°+73/6x—7+6=0

Pewenue:

[Iepenumem ypaBHEeHUE B BUIE

X} +6=-736x-7

B 51eBoii yacTu ypaBHEHUSI CTOUT MOHOTOHHO
BO3pacTaromas (pyHKIMs Ha BCEH YUCITOBON
IPsIMOM, B IIPaBOM 4aCTU MOHOTOHHO YOBbIBarOIast
(GYHKIMS TpU BCEX 3HAUEHUSAX X, TOTAaA, €CIIH
YPaBHEHUE UMEET PELICHHUE, TO OHO €AMHCTBEHHOE.
3ameTuM, 4To X =1 sBJISETCS PELICHUEM.

f(x)=g(x) )28

| i y

- =fi
y=g(x) y=fx) yegte) yoF(x)

Omeem:. x=1

Ecnu dynknus f(X) MOHOTOHHO Bo3pacTaet
(yobIBaet), To ypaBHenue Buaa f(X)=x u
f(f(x))=x u f(f(...f (x)...))=X umeroT o1HO U

TOYK€ MHOKECTBO KOPHEH.

Jloxazamenvcmeo: 11yctb Xo ABIAETCA
kopHeM ypaBHenus f (X)=x, 1.e. f (Xo)=Xo.
Torna f(f(Xo))= f (Xo)=Xo. O6patHo, mycTh
YHCIIO Xo SIBJISIETCS] KOPHEM ypaBHEHUS
f(f(x))= x, T.e. f(f(x0))=xo0. Jokaxem, 4To
f(Xo)=Xo. ITycTb 3TO HE Tak, Toraa aubO
f(Xo0)>Xo, 1160 f(X0)<Xo.

B crity MOHOTOHHOTO BO3pacTaHUsI
byukiun f(X) 13 HepaBercTBa f(Xo)>Xo
cnenyet, uto f(f(Xo))>f(Xo), uto
npotuBopeunt f(f(Xo))=Xo. AHamornuso u3s
HepaBeHcTBa f(Xo)<Xo B cuimy
monotonnoctH f(X) ciemyer, 4ro
f(f(X0))<f(xo0), uro mpotuopeuut f(f(Xo))=Xo.
3HAYHUT, HAIlIE TPE/NOIOKEHNE HEBEPHOE, U
f(Xo):Xo.

Pemmre ypasrerne X° —73/7X—6+6=0

Pewenue:

3
X +6
[lepenuiiem ypaBHEHHE B BUJIE J7x—6= .

Bo3ssenem obe gactu B KyO.

16
e
7X—6= ; X=——
7 7

X3 +6
Paccmotpum GyHKIUIO f(X) = -

BO3PaCTAIOLILYI0 HAa BCEU YMCIIOBOM IPSIMOM.
[TonyueHHoe ypaBHeHue umeet By f ( f (X)) =X,

KOTOPOC UMCCT TO K€ MHOXKXCCTBO peIlIeHI/Iﬁ, yToO U
ypasuenne f (X)=x.Orkyna
X+6
= X1
7

x> —7x+6=0.

X*—Xx—6x+6=0
X(x*-1)-6(x-1)=0
(x=1)(x* +x-6)=0
(x-1)(x+3)(x-2)=0




Ecnu ¢ynknus f (X) MOHOTOHHO BO3pacTaet
(yosiBaer), o f(a)= f (b) Torma u Toabko
Toraa, Kkoraa a=b

Pemnre ypaBHeHue
X —(2x+1)’ ~16¥2x+1+16x =0

Pewenue:
[Tepenumem ypaBHeHHe B BUJIE

( 3) +163x¢ = (2x+1) *+16%2x+1

Pacemorpum dynkumio f (t) =t +16- 3,

MOHOTOHHO BO3pPAacCTalOIyI0 Ha BCEW YUCIOBOU
npsiMOH (Kak cymMMa JIByX BO3pacTArOIINX).
YpaBHEHHE MOXKHO IIEpEINCaTh KaK

f (Xs) = f (2x+1). B cuity MOHOTOHHOTO
Bospacranusi f (1), paBeHCTBO Gy/IeT BBITIONHATCS

B TOM M TOIBKO TOM Cllydae, Korjaa X° = 2X+1.

x}-2x-1=0

X*—x-x-1=0

x(xz—l) (x+1)=0
(x+1)(x —X— 1 =

(x+1) =0

Eciu max f ( ming(x)=c, o

u
g ( ) (xak u
nepasenctBo f (X)<g(x)) mmeer To xe

X)=c
X

ypasuenne f(x)=

MHO>XKCCTBO peI_HeHI/II/I, YTO U CUCTEMA

f(x)=c

i) =gt
Orpann4eHHOCTh (PYHKIIMIA:

sinx| <1, |cosx|<1;
|asinx+bcos x| < va’ +b?;

T . T
—Egarcsmxgz; O<arccosx < r;

—%swctgxs%; O<arcctgx<r

Pemmre ypasuenne 25 +2% =2 arccos(ﬁ& )

Pewenue:

[TokazaTenbHast GyHKIUS

BCera NoJIOKHUTEIbHA. B jeBoit
YaCTH YpaBHEHHS CTOUT CyMMa
B3aUMOOOpaTHBIX BEJIMYHH,
BOCITOJIb3yeMcsl HepaBeHcTBOM Kormu

1
a+—>2 (a > O) , TOrJ1a JeBas
a

HYaCThb HE MCHBIIIC 2, a paBCHCTBO

31 153
BosHukaer mpu 2" =2"" =1, Te. x=1

----- b

Tak kak 0< arCCOS(Q/;) <r,

y=arccos(x) .

TO TIpaBas 4yacTh He OoJbIIe 2,
y=costiy @ PABEHCTBO BO3HHKAET MpHU

— o
} +

vl \

: arccos(%/?) -0, Te.

11 T :

-1 //f.' 0 1
&

€AMHCTBEHHOE pelieHne X =1
Omeem: X=1




Anrebpanueckue BbIpaXeHHUs, KOTOPBIE HE
MEHSIOTCS IIPH NOACTaHOBKE BMECTO
NepeMEHHOMN KOro-mubo anredbpandeckoro
BBIPAXKEHUS OT 3TOU IIEPEMEHHON,
Ha3bIBAETCSl MHBAPUAHTHBIM OTHOCUTEIILHO
TaKOM MOJCTAaHOBKU. 31€Ch /1B TEPMUHA
3aMeHa U MOJICTaHOBKa Oy/ieM CUMTaTh

cunonnmamu. Beipaxenne f (x)+ f (c—x)
HE MCHSCTCS IIpU 3aMCHE X Ha C—X,
3HAYUT HUHBAPUAHTHO OTHOCHUTEIHHO

c
sametbl. Boipaxenne f (X)+ f| = | npu
X

AOITYCTUMBIX 3HAYCHUAX WHBAPUAHTHO

C
OTHOCHUTECJILHO ITIOJCTAHOBKM X HA —.
X

[IpuMepom MHBAPHUAHTHOCTH SIBIISIETCS
YETHOCTh (HEUETHOCTH), HAIIPUMED, €CITH

dynxuus f (X)sBsieTcs 4eTHOIA, TO
f (X) =0 WHBapUAHTHO OTHOCHUTEIIHHO

3aMEHbI 3aM€HE X Ha —X.

Haitgure BCce 3HaueHUs napaMerpa a, Mpu Kaxiaom
13 KOTOPHIX ypaBHeHHe X’ — 2asin (COS X) +a*=0
MMeEET €IMHCTBEHHBIN KOPEHbD.

Pewenue:

3aMeTHM, YTO eCIH X, — KOPEHb, TO M (—X, ) —

KOpeHb. J1Jisi eIMHCTBEHHOCTH PEIICHUS
HEO0XOMMO, YTOOBI BHITIOIHSIIOCH YCIIOBUE

Xo ==Xy, T.€. X, =0.
Haiinem Bce 3HaueHus napameTpa a, Ipu KOTOPBIX
yucino O sABIIAETCS KOPHEM YPaBHEHUS.
—2asin(1)+a’*=0; a(a-2sinl)=0;

a=0

a=2sinl
Ocraercst mpoBepuTh, OyaeT mu X =0
CANHCTBCHHBIM ITIPpH Haﬁ[[eHHBIX 3HAUYCHUAX
napaMerpa a WA HeT.
Ilycte a=0, Torga x* =0 u ero €IUHCTBEHHBIM
peurenneM spisietca X =0.
[Tycts a=2sinl, Torma

. . . 2

x* —2(2sin1)sin(cosx)+(2sin1)" =0
x* +4sin®1=4sin1-sin(cos x)
[Tony4yeHHOE ypaBHEHHE CTAHIAPTHBIMU METOIAMH

He pemnThb. [IpuMeHnM cBoMcTBa MOHOTOHHBIM U
OTpaHUYEHHBIX (QYHKITHI.

—1<cosx <1, a Ha otpeske [-1;1] pyHKums

y =Sint MOHOTOHHO BO3pacTaeT U MPUHUMAET CBOE
HanOoJbIIce 3HaYeHHe TpH t =1, Mo3TOMY MpaBast
9acTh ypaBHEHUSI

4sinl-sin(cos x) < 4sinl-sin1=4sin’1

Ho neBas yacth ypaBHenust X +4sin®1>4sin’1.
Toraa ypaBHeHHEe UMEET PELIeHHEe TOJIBKO B CiTydae,
korga X° +4sin’1=4sin’1, orkyma x=0
€IMHCTBEHHOE PEIICHHE.

Omeem: 0; 2sinl

bynem Ha3pIBaTh (YHKLIMOHAIBHBIMU TaKHe
YpaBHEHMS, TJIe Hapsily ¢ allre0pandecKuMu
BBIPAKEHUEM OT IIEPEMEHHOM X €CThb U
HEU3BECTHOE aNredpanyeckoe BhIpakeHue
OT IIEPEMEHHOU X .

Takue ypaBHEHHUs HE IIPEANIOIATAIOT
MHBApUAHTHOCTb BCETO YPAaBHEHHUS, IS UX
peuieHus 10CTaT0YHO UHBAPUAHTHOCTHU
KaKoi-To mapbl ajnredpandeckux
BBIPaKCHUI OTHOCUTEIBHO HEKOTOPOU
3aMEHBbI IEPEMEHHBIX. TUIMMYHBIM
IIPUMEPOM TAKOT'O YPABHEHUS SBIISAETCS

caenyromee: - f(x)+q-f(c—x)=p(x).

Haiigure kopau ypaBuenus f (X) =31, ecmu x#0

m2f(x)+f (§j=6x.
Pewenue:

4
3ameruM, uto f (X) U f[—) MHBapUaHTHBI
X

4
OTHOCHUTEJIHPHO 3aMEHBI X Ha — . Torz[a MoJIyuYnm
X

BTOpOE ypaBHenue 2 f (;}t f(x)= 6-; .

Pemras cucremy u3 1ByX ypaBHEHUM




Iockomeky f(x) m f(c—x)
MHBAPUAHTHBI OTHOCUTENIBHO 3aMEHBl X Ha
C— X, TO MOKHO TOIY4HTb €IIE OHO
ypasuenue - f (c—x)+q- f(x)=p(c—x)
¥ pacCMaTpHBATh HCXOJHOE YPAaBHEHHE KaK
CHCTEMY M3 3THX JIByX yPABHEHMIA.

2f (x)+ f (;j:GX
2f (ﬂj+f(x):6-

x|

X

Honyuum f(x)= 4X—§ :

X
Ocranoce pemuTh ypaBHeHHE 4X — 8 =31, re.
X

4x* —31x—8 =0, KOPHSAMHI KOTOPOTO SBIAIOTCS

1
X=——; X=8

4

1

Omegem: X=——; X=8
4

[IpuMeHeHne npon3BOIHON s
uccaeaoBaHus QyHKIINH.

MOHOTOHHOCTb

OKCTPEMYMBI

f" e cyugecmeyem
4
) i x

min

[’ ne eywecmayem

3amevanue. TIpuseseHHBIE YCIOBMS SABISIOTCH TOMKO GOCMAMONKbLMIL
YCJI0BMAMY MOHOTOHHOCTH, HO He siBfAloTeA HeoOxoaumbiMu. Hampu-
Mep, (yHrums y = x3 BoapacraeT Bo Beeit 0GNACTH OIPeETeHHs, XOTA
ee I« y' = 3x* ofipa B HyJb pH x = 0.

Pemnre ypaBHeHue

2 33

X+ =
T+x —8x° +16x% +1

Pewenue:

[Iepennmem ypaBHEHUE B BUJIE

(4x— xz)(1+ Jx* —8x° +16x2 +1) =33

(4x- xz)(1+ (ax—x)’ +1j - \/§K1+ (V3) +1j

4x

Pacemotpum dynkimio f (t) =t(l+ t? +1) :

BO3PaCTaIOIIYI0 Ha Bceil uncioBoit ocu. [locnennee
MOXHO JTOKa3aTh, HAIsl IPOU3BOIHYIO.

f'(t)zl-(1+\/t2 +1)+t-i =
24t7 +1
t2
=1+/t*+1+
VP41

B cuy Bo3pacranus ¢pyukiun Y = f (t) PaBEHCTBO

>0

f (a) =f (b) BBIIIOJIHSETCS TOrAA U TOJIBKO TOra,
Korga a=»>b. B Hamewm ciydae (4X - X2) =3
[onyyaem ypaBHeHHe X° —4X + J3=0, OTKyZa
X=2% m .

Omeem: X=2-+4—+/3 u x= 2+m




3aoauu ons camocmosmenbHo2o peuterHus.

1. Pewnte ypaBHEHUE
\/2x(x—2)+3+2§/3x(x—2)+4+...+(n—1)Q/nx(x—2)+n+1:
1 2 n-1
= + +.+
\/2x(x—2)+3 §/3x(x—2)+4 Q/nx(x—2)+n+1

2. Pemute ypaBHEHHE 1+\/1+,/l+ /1+i8 :%
X X

3. HaiinuTe 3HaueHne mapamerpa a , Ipyu KOTOPOM ypaBHEHUE

X292 —2x%% 1 x* —2x* +3=2a+C0S3X MMeeT HeUeTHOE YHCIIO PA3IHUHBIX PEIICHHIA.

4. WsBectHO, uTo yncia a, b, C,d — monokuTenpHbIE, a CyMMa BCEX JICHCTBUTEIBHBIX KOPHEH

300 321

ypasrernit ax® +bx*® +cx'® +d =0 u dx®' + cx® +bx* + a=0 pasna —2,9. Haiinure

9TH KOPHH.

Pewenue 3aoau:

3aoaua 1. Pemnte ypaBHEeHHE

\/2x(x—2)+3+2§/3x(x—2)+4+...+(n—1)Q/nx(x—2)+n+1:
= ! + 2 Fot n-1
\/Zx(x—2)+3 §/3x(x—2)+4 Q/nx(x—2)+n+1

Pewenue:

BBII[GJ'II/IM ITOJTHBIN KBaapaT B KAXXIA0OM U3 IMOAKOPCHHBIX BBIpa}KeHI/If/'I.

NX(X—2)+n+1=nx’-2nx+n+1= n(x—l)2 +1. Toraa {‘/n(x—l)2 +1>1.

Tornma

J2(x=1) +14283(x=1) +1+..+ (n-1)gn(x-1) +1=
1 2 n-1
+...+

\/2(x—1)2+1+§/3(x—1)2+1 n(x-1) +1

-1
i (n ) (kax cymma

5 2 (n-1) n(n-1)
apumMeTHyecKoi mporpeccuu). A npapast yacTb He OOJIblIE, YeEM i+1 4.+ 1 = o

JleBast 4acTh ypaBHEHHs HE MEHbIIe, yeM 1+2+...+ (n —1) =

n(n-1)

CJ'IC,Z[OB&TCJ'ILHO, JICBAs U MpaBas 4aCThb PaBHbI , YTO BO3MOXKHO TOJIBKO IIpH X = 1.

Omeem:. Xx=1



3aoaua 2. Pemure ypaBHenue 1+, (1+,[1+ /1+i8 =—
X X

1 [
Pemenue: O6o3naunm t = & rae t >0, noayuyuM ypaBHEHUE 1+\/1+ 1++/1+ Jto=t.

Pacemorpum ¢ynkumo f () =1+ Jt, ona Bospacraer Ha cBoeit 061acTH ONpeENEHNL.

VYpaBHeHHE MOXKHO 3amucarh B Bujae f ( f ( f ( f (t)))) =t . B cmry MOHOTOHHOT'O BO3pacTaHHS
byukiun f (t) , 9TO YPaBHEHHE UMEET TO YK€ MHOXECTBO PEIICHHM, YTO U ypaBHeHHE f (t) =t,

T.€. ypaBHeHHE 1+ Jt=t.

EnuHCTBEHHBIM MTOJIOKUTENBHBIM KOPHEM 3TOTO KBaJIpaTHOTO OTHOCUTEIIBHO Jt YPaBHEHHUSA

J5+1 J5+1 1 5+1 .

2
, TOraa \/f = , 3HAUUT — = ,T.e. X = ﬁ, clIeIoBaTeIIbHO
+

2

8 \/g_l
2

SABJISACTCA

2 x® 2

Omeem:. X =

3aoaua 3. Haiinute 3Ha4YeHHE MapaMeTpa a, Mpu KOTOPOM ypaBHEHHE
X292 2x%% 4 x* —2x* +3=2a+C0S3X HMMeeT HeUeTHOE YHCIIO PA3THIHBIX PEIICHHIL.

Pewenue: VpaBHeHHe HMHBApHUAaHTHO OTHOCHUTEIBHO 3aMCHBI X Ha (—X) , T.C. €CJIIN X0 —

pelieHue, To u (—XO) — peuienue. YToObl UMCIIO pelieHi OblI0 HEYETHBIM, CPEAU PEeIICHUN

noiokeH ObITh X =0 . [ToxcraBum X =0 u Halizem 3HaueHue mapameTpa 3=2a+1, a=1.

Omeem:. a=1

3aoaua 4. I3BecTHO, uTO yKcna a,b, C, d — momoxurenbHbIE, 8 CyMMa BCEX JIEHCTBUTELHBIX

300 321

xopHeii ypasaenuit ax® + bx*® +cx'® +d =0 u dx** + cx** +bx* + a=0 pasna —2,9.

Hatinute 5T KOpHHU.
Pewenue:

B cuny nonoxkurenbHOCTH KO dunmentos a,b, ¢, d Hu OXHO U3 TAHHBIX ypaBHEHHI HE UMEET

TTOJIOXKUTCIIBHBIX KOpHeI\/’I.

300 4 CXOlOO +d =0. Paznenum obe yactu Ha

321 221 21

21 N 1 1 1
X,”* ¥ 3aIuIIeM MoJTydYeHHsId pesyiabrar B Buge d| — | +c| — | +b| —| +a=0.
Xo Xo Xo

IIycTh X, — KOpPEHb TIEPBOTO YpaBHEHHs aX, . + bX,

1
Otcroaa cienyer, yTo — — KOPEHb BTOPOT0 YPaBHEHHS.
0



321

Ho ¢ynxius y = dx** + cx** +bx* + & MOHOTOHHO BO3pacTaeT Ha BCeil YHCIOBOM OCH 1

NPUHUMAET KakK IOJO0XKHUTEIBHBIE, TAK U OTPUIIATENbHbIE 3HAYEHHMS, TOI/IA YPABHEHUE
dx®! + cx* +bx* + a =0 uMeeT eMHCTBEHHBIH KOPEHb.

Tak kak KOpHH ypaBHEHHIA SBJISIOTCSI B3aUMHO OOpPAaTHBIMHU OTPHLIATECIBHBIMU YUCIAMHU, CyMMa
KOTOpBIX paBHa —2,9, TO

X, +i=—2,9

XO
X2 +2,9%, +1=0
X, =—-2,5-0,4

Omeem:. —2,5,-0,4

Jlomawnee 3a0anue:

1. Pemmute ypaBHeHue 4Sin3X+3C0s4xX =7
2. Haiigure Bce nurepsaisl Buaa (k;k+1), rae k — memnoe umcro, cozepiaiee Hyim

3
dymu £ (x)=((x° -1)-1) -1
3. HaiimuTe Bce 3HaYeHME MapaMeTpa a, MpH Ka)XJIOM U3 KOTOPHIX ypaBHEHHE
. . 7 . .
sin** x+(a—3sinx)" +sin® x+a=3sin X umeer x0Ts GbI OANH KOPEHD.

4. B Tedyenue omHOM pabouel Henenau 1eHa Ha HeTh MEHSTACh KaXK/IbIM JCHh HA OJHO M TO XKe
grciao mporeHToB a (1<a<50) mo cpaBHEHWIO C TpeAbIIyNmIeH IICHOW, NMpHYeM B
MOHEJCNTPHIUK W Cpely OHAa yMEHBIIajdach, a BO BTOPHUK, YETBEPr W MATHUIY —
yBenuuuBagach. Morina jau k cyo0ote 1ieHa Ha HeTh yBenuuuThes Ha 11% mo cpaBHEHUIO ¢
MepBOHAYAIHHOM 1IEHOM ?



