Hapafmefleocmb U omHoweHue

Touka C nexuT Ha npaMoi AB AC =k A_b
NpU HEKOTOpoM &
Touxa C genuT orpe3oxk AB k- A_E,‘ =m ~C_'B
B otHowienun AC:CB=m:k (k>0,m>0)
ABCD — napanJenorpaMm A—h — D_'C
M — cepeauna AB oM = % (o'}x + 073)
ans mwoboit Touku O
- h - -
Touxka M aenur orpesok AB |OM = -OA + -OB
B OTHOIIIEHUH k+m k+m
AM: MB=m:k ana moboit Touku O
M — Touka mepeceyeHHA oM = : (O_;l + 0—1‘3 + O_&J
MeauaH TpeyroiasHuka ABC 3
ans moboit Touku O
3adaya 1.
B. M. C
Hoxasars, 4TO cepeAMHBI OC- v
HOBAHUI U TOUKA I[repeceyeHudA JHaroHa- 1
JIed Tpanenuy JeXXaT Ha OJHOU IIPSAMOIA. -
I
Pewenue. Ilycts M, N — cepeMHBI oC- !
HoBaHU BC m AD tpaneuun ABCD !
A N D

O — TouYKa IepeceyeHus JHa-
roHane. VI3 mopobusa rpeyroasHukoB AOD u BOC cuepyer,

OA _0OD
4yTo — = . Obo3nayas 6YKBOM £ 3TM OTHOLIEHHUSA, ITOJTYUYUM

OA = -kOC, OD = -kOB.

[OA+ ODJ ) (-ko"c- kO_iB) i

NH—A Nlb—‘

(oc - 03) = _kOM.

Takum o6pasom, Touku M, O, N nexar Ha ofHO npaMoi,
4YTO M TpeGoBAIOCH MOKA3ATS.



3adaua 2.

D

B Terpasgpe ABCD Tou-
F k1 E u F — cepeaunk! pebep AB n
CD. [loxka3aTs, YTO CEpPEAVHEI OTPE3-
xoB CE, DE, AF u BF sasasioTcH
A BeplUINHAMM [1apaJjienorpaMMma.

PewseHue. ITycte K, L, M, N — ce-
penuntsl orpeakos CE, DE, AF u BF

HokaxXeM pPABEHCTBO BEKTOpPOB
KN n ML, Bblpasus UX yepe3 BEKTO-
- - — -
pel OA, OB, OC, OD, rme O — npomu3BoJIbHAA TOUYKA:

- — - — — — -

KN =ON - 0K =%(OB+OF]-%(OC+OEJ:
. %(0”0+0’b)-0’b-%(o’}1+o’bn -

G
Ol

OB-0C+0D- 0'21),

—» —»
Cnenosarensro, KN = ML, 4To u Tpe-
6oBaJIoCch LOKa3aTh.



Ycnosue npuHadnexcHocmu mpex
moy4eK 00HOoU rnpamoul U Yyemeoipex
moy4eK 00HOU rsao0cKocmul.

IIycts Touka C nexuT Ha npaMoX AB, Touxka O He JeXMUT

HA 3TOM NpAMON U MMeeT MeCTO PaBeHCTBO OC = aOA+ BJB.
Torpa o + B = 1.

IIycTs Temeps Touka D jexxut B naockoctu ABC, Touka
O He JIeKUT B 3TON NJIOCKOCTH U UMeeT MeCTO paBeHCTBO

0D = 0 OA+ BOB+ yOC.
Torma a+pB+y=1.

3adaya 3.

Touku K, L, M Ha croponax AC, BC, AB Tpeyroibauka
ABC TaKoBEI, YTO AK = L = BM = l, N — cepenuHa
KC LB MC 2

cTopoHb!l AC. HaiTi oTHOIlleHHe, B KO-
TOPOM TOYKa Ilepece4eHHUs OTPe3KOB
KL u MN penur orpesok KL.

PeweHue. Obo3naunMm uyepe3d O TOYKY B

nepeceyeHus orTpe3koB MN u KL M
¥ 4Yyepe3d X — OTHOIIIeHHE g—o

Torga I;O = xIs?L ; o

A K N C

YyuursiBas, yto L — cepeguna MC u KN = ‘—llKC, rnoJiyyaeM

KO =x KL =x-%(K7w+I€cJ=§(K34+4K7v)=

=§K’M+ 2x KN.

o :
Tak kak Touka O Jyexur Ha npamoir MN, To 3 + 2% =1.

Orkyga x = % 3Hauur, Ko _2

ar. &



3adaua 4.

Toukn A,, B,, C, Ha pebpax AD, BD, CD npaBuIb-

HO# TpeyrosbHOH nupamMuasl DABC TakoBel, uTo A, D = %AD,

B,D = gBD, C,D = ECD. B xakoM oTHOILIEHUH BBICOTA IMpa-

D MU/IbI, IPOBeJeHHas U3 BepuHbI D,
AeMuTca MmiaockocTbio A, B,C,?

A, Pewenue. Ilycte M| — TOouKa nepe-
cedyeHudA BbIcoTel DM TterTpasaapa
(1 ABCD u nnockocru A,B,C,

O6Gosnauum qyepes3 X OTHOILIeHHe

DM‘. Torpa DK/I1 - x DM. Tlupa-
DM
mujga DABC — npaBuabHas, cjaejo-
BaTeadbHo, M — TOuYKa mepece-
YeHUSA MeaUaH AABC u

D?M = %(D_:Ll+ 5B+ EC) Kpome Toro, U3 ycJaoBHsS MMeeM:

o 5 — — 5 —» — 5 >
DA:E’DAI’ DB:'—éDBl, DC:ZDC]’

B

H OKOHYATEeJBHO 5 5
DN = 04 2% Bl 5 28 P
6 9 12

Tak xKak Touku M,, A,, B,, C,; nexar B OfHOH IIJIOCKOCTH,

DX bx  OX 36
TO— +—+— =1,0TKyRa x = — .

6 9 12 65
Omeem: @.

65



BekmopHble ceolicmed, c8A30HHbIE C
3ameqyamesibHbIMU MOYKaAMU
mpey20s1bHUKQ.

B rpeyroneunke ABC npopencnw megmane AA;,
BB, n CC,, koTopeie nepeceraTea b Touke M,

roraa AM + BM +CM = 0.

B AABC mouka L ecth Touka nepeceuenmns DHOCEK-
TpHe TpeyronLiiks, rie AB=¢, BC=an CA=b, Torga
s mobofl Toukn E CcOpanciiaibBo BEKTORHOS TOHISCTRD
EI=QIE_.A+&IE_B.+CIE.
a+b+c

B AABC vouka H — Touka nepeceqenns BuicoT
(oprouenTp), Touka O — UeHTp onmcanHol
oxpyxuoct, Torga OH = 04+ OB + OC.

3ad0aya 5

B mwbom TtpeyronsHuke ABC ueHTp oOmHCcaHHOM
OKPY?KHOCTH, OPTOLEHTD H LIEHTPOU (MM LEHTP MACC) JIeXKAT Ha
ob1ieit npsMoit.

,II;OK&B&TEJ‘EBCTBO

ITycTp Tovika, O — ULEHTp ONHMCAHHONH OKpyKHOCTH, H — TOuKa
rnepecedeHust BbiCOT, M — TOYKA NEPeceveHusi Me[HaH.

EQ:OA+QF+OG,

OH = OA+ OB+ 0OC

3uauutr OM = OT, r.e. OH = 30M.

D70 o3HavaeT, uTo Touku O, H u M npunamgnexar oaHol nps-
MOl — 3TOT 3aMedaTeibHbBIi hakT ObLI J0Ka3aH emle DilepoM.



[TpoumeHeHue ceolicme cKanAapHo20

npou3seoeHUus.

Jlns HeHYMeBEIX BeKTOpOB @ b

o~ .
m(ﬁ;b)= f —,
|a] - |b]

,.HJ!H HaxXO0XJIeHUH CKaJIAPDHOI'O [IPOU3BELECHNA ABYX BEKTOPOB MOH -
HO 00ojiTHCh 63 3HAHHA KOCHHYCa yIJIa MEXJy HHUMH, €ClId W3-
BECTHA JJIMHA TPETHEro BeKTOpa, sIBJAIOErocs CyMMON WIH pa3-
HOCTbIO HCXOJHLIX BEKTOPOB.

Tpep s ;

AB + BC = AC, Torna a
2 ¢

(AB+BC) - c
—AB%+2.4B-BC + BC? = AC™. A b

Tax xak |4T§=c, |B_é‘=a, lﬁ‘=b,
Toc2+2-AB-§5'+a2=b2.

2_ 2 _
CunenosaTensHO, AB-BC = # .

_ -

[Ipumep 2. BC = AC — AB,

Toraa BC? = (E—E)z = AC?-2.AC-AB + AB?,
cnenoBaTensho, a2 = b2 — 2. E . xﬁ + 2,

snaunt AC - AB = M.

ey —

IIpumeuyanue. B npumepe 1 Bektopet AB u BC ne umenu 06-
—

mwero Havana. B nmpumepe 2 BexkToper AC u AB umeror obiee

HavaJo.




3adaya 6

Haiinure KocuHyc yriia, JeXKallero NPOTHB OCHOBa-
HHS PAaBHOOEIPEHHOTO TPEYTOJBHKA, €CJIH MeHAHBI, [IPOBE/IEHHBIE
K OOKOBBIM CTOPOHAM, B3aUMHO TEPIIEHIMKYJISPHBI.

— P,
B a) Ionoxxum BA=d, BC =¢.
‘E&‘ - |B_c’*| ,re |a]=|d.
Torna
AA, =BA, -BA= %5_, @;
3 5 1
CC =BC, - BC = si-¢

6) Tak kak ELE}_E?-I, TO E-ET_CT=0.

1 1
3HaYUT (55— ('1') (5-{1’ - E) = 0.

1 1 1
Torna 56- 5a:— §a2 - 55‘9 +ad-é=0.

)
& = @2 = |a|?, cremoBaTenbHO E|EE| -|é] - cos(£LABC) = |@|*.

2
a 4
3uauut cos(LABC) = #, T.e. |cos(£LABC) = 5l
zldl - |l
3adaua 7
B [Ona tpeyronbHuka ABC, B kotopom AB =c, BC =a, AC =D, R - paguyc
a ONMMCaHHOW OKPYXKHOCTU, OKaXKMTE CNPaBea/IMBOCTb CNeayoLmX
c HepaBEeHCTB:
b C cosZA+cosZB+c032C2—g

a’+b%+c® <9R?

MycTb TouKa O — LEeHTP ONMCAHHOM OKO0 AaHHOTO TPEYro/ibHUKA OKPYKHOCTU. Yron BOC —

LeHTpanbHbIi, yron BAC — BNMcaHHbIM, onupatowmines Ha Ty ke ayry BC, toraa £/BOC =2/A.
AHanornyHo ZAOC =2/B, ZAOB=2/C.



—  ——  ——\2
Mo cBOMCTBY CKaNsipHOro KBagpaTa BeKTopa (OA+OB +OC) >0

OTKyaa @\2+@2+&2+2ﬁ-@+2@\-&+2@-&20
Yuutbigan, yto OA=0B =0C =R, nonyyaem 3R* + 2R*(cos2A+cos2B +cos2C) >0, otkyaa

Cos2A+cos2B+cos2C > —g

Tak Kak
aZ
c0s2A=1-2sin* A=1-—;
2R
b2
cos2B=1-2sin*B=1-—;
2R
C2
c0s2C =1-2sin’C =1- —;
2R

a? b* c? 3
>

2R? 2R? 2R? 2

3
To HepaBeHcTBO COS2A+C0S2B+c0s2C > —E npuHUMmaeT sua 3—

’

oTKyaa a’ +b?+c? <9R?

3adayu 019 camocmoamesnnbHo20 peweHus:

1. [JoKaxuTe, 4To cepeamHbl OCHOBAHWUIM Tpanewunmn n Touka nepecevyeHma npamblx,
coaeprKalmx 60KoBble CTOPOHbI, €XKaT Ha O4HOM NPAMOWN.

2. Touka O — UeHTp OKpY*KHOCTK, onuncaHHoi okono aABC, a Touka H TaKkoBa, 4TO
OH =0OA+0B+0C. [okaxute, uto H — optoueHTp aABC.

3. [nsa tpeyronbHuKka ABC, B kotopom AB =c, BC =a, AC =b, R - pagnyc onucaHHom

OKPYXXHOCTU. [JoKaxKuTe, 4to COS2A+C0os2B —cos2C < g .



