Pa3Hble npuemMbl NpH pellieHUN HEPABEHCTB.

IIpeodpa3oBanmus.

a+b
JlokakeM HEpaBEHCTBO MEXY CPEIHUM apu(hMETHIECKUM B T€OMETPUIECKUM: T >+/ab,

rae a>0;b>0. PaBencrBo ipu a=>b.

JlelicTBUTENBHO, a;b - \/a_ = %(\/5— \/6)2 >0

BblaesieHue MOJHOTO KBaJpara.

lymb 0aH KeadpamHsil mpex4sneH X% + pPX+q. [lpecbpazosarue

2
X2+ px+Q= (X + gj +q- pT Ha3bleaemcs 8bl0esieHUeM MosHO20 K8adpama o

nepemeHHol X.

Ilpumep. Ilycts @, b, ¢, d - BemecTBeHHbIC yKcaa. Jl0ka3ark, 4To
a’+b’+c?+d’=(a+b+c)-d.

Pewenue:
Beigenum mocsie1oBaTeIbHOM MOJTHBIE KBaAPATHI 10 TIEPEMEHHBIM &, b, C

BeienuM nosiHbIN KBaaparT 10 IEPEMEHHOU a.

d) 3
a’+b*+c*+d*-a-d-b-d-c-d =[a—5j +Zd2 +b*+c*~b-d-c-d =
Beinenum mosHbIA KBagpar 1o nepeMeHHoH b .

2 2
=(a—9J +(b—9j ldicicd-
2 2 2

BreienuM noJyiHbIN KBaaparT 0 IIEPEMEHHON C.

2 2 2
:(a—gj +(b—9) +(C—9j Laeso
2 2 2 4

OTMeTI/IM, 4TO CyYMMa KBaJIpaTOB HCOTPULATCJIbHA.



MakcuMajJbHO€e YHCJIO0.

lycmob mpebyemcs 00Kazame HepaseHCcMaso 015 KaKo2o-1ubo Habopa nepemMeHHbiXx,
Hanpumep, 014 &,,,...,8,. Bo MHoaux ciy4aax bbisaem nosesHo paccmompems

MAKCUMasibHoe cpedu Yuces a,a,,...,4,

Ipumep. TlycTh BelecTBEHHBIE Yncia a,b,C e [O;l] . Jlokazatp, 4T0

a b c
+ + <
bc+1 ac+1 ab+1

Pewenue:

MOHO cUnTaTh, YTO A - MaKCHUMAJIbHOE cpeau uucen a,b,c. Toraa

a b c a b c
+ + -2< + + —2=
bc+1 ac+1 ab+1 bc+1 bc+1l bc+1
B a+b+c—-2bc-2 B (b—l)(l—c)+(a—l)—bc
bc+1 bc+1 B

TaK KaK B YUCJIUTCJIC CyMMa OTPULIATCIIbHBIX CJIaraCMbIX, d 3SHAMCHATCIIb IIpO6I/I

HOJIOKUTEILHBII.

BBeneHne BCIoMOraTeJbHbIX NMEePpEeMEHHbIX.

B Hekomopbix HepaseHcMaax yoa4Hbll 8b160p HOBbIX MepeMeHHbIX 3HAYUMENbHO
obse24aem 0okazamebCmMao.

Ilpumep: Tlycte a,b,c >0 . [lokaszars, uTo + b + ¢ 2§.
b+c c+a a+b 2

Pewenue:
O6o3naunMm b+c=x,c+a=y,a+b=2z. Torma

a b c _1[x+z—y+y+x—z+z+y—x]=
y z X

+ =

b+c c+a a+b 2
_L X Y| Yz +(l+£j—3 21(2+2+2+—3)=§
y X z Yy Z X 2 2

2
B nocnennem nepexozie BOCIosIb30BalIuCh HepaBeHCTBOM Kollin Mex 1y cpeiHUM

apI/I(l)MCTI/I‘—IeCKI/IM " CPEAHHUM I'COMETPHUICCKUM.



Tpuronomerpuyeckasi 3aMmeHa.

Cymb mpuz2oHoMmempuyeckol NoOCMAHOB8KU COCMOoUMmM 8 mom, Ymo riepemMeHHsle,
gxo0sAuUe 8 ycs108UU 340a4U 8bIPAMEHUS, PACCMAMPUBAOMCA KAK 3HAYEeHUS
HEeKomopbIx mpu2oHoMempu4yecKux yHKuu.

Ipumep. Haiitu HanGoubluee 3Hauenne Boipakenus Xy1— Yy’ + yv1-x* , rae x,y e[-11].
Pewenue:

N3-3a ycnoBus X,y € [—1; 1] CTAaHOBUTCS OKHUJAEMOU ITOJCTAaHOBKA

X=Cosa,y=cosf,a,pe[0;x].

Torna x\/l— y? + yy/1—X? = cosa -sin B +cos B -sina =sin (a+ ) <1. PaBeHcTBO HOCTHTACTCS
npu X=1,y=0.

Omeem: 1.

IIpomeskyTOYHAS OLEHKA.

lMpu ouyeHKe Hekomopol cymmesl bbisaem 0aAe3HO OUEeHUMb Kaxooe c/1a2aemMoe 8
omoesibHoCMU.

a b C d

IIpumep. Jlokaxxute HEpaBEHCTBO 1< + + +
d+a+b a+b+c b+c+d c+d+a

<2

JUTS JTIFOOBIX TIOJIOKUATENBHEIX a,b,c,d .
Pewenue:.

OI_ICHI/IM CHHU3Y KaKIO0€ CJIaracMoe, BXOAA1EeEC B JICBYIO YaCThb.

a_ a b S b )
d+a+b d+a+b+c’ a+b+c a+b+c+d’
c c o d d

> : >
b+c+d b+c+d+a c+d+a c+d+a+b
CJ'IO)KI/IB 9THU quBIpC cJlaracMbIX, l'IOJ'Iy‘-II/IM

a b c d a+b+c+d
+ + + > =
d+a+b a+b+c b+c+d c+d+a a+b+c+d

OuneHum BCCPXY KaXXJ0€ cjiaracMocC, BXoAsA11CC B JICBYHO YaCThb.



a+ X
Jlyis 3TOTO CHAYaja 3aMeTuM, 4to Jiist iroboro X >0u 0<a<b BepHo — < ——.

b+ x
JleficTBUTENLHO, TOMHOXHM, Ha OOIINI MOJIOKUTEIbHBINA 3HAMEHATEIIb, IEPEHECEM B OJHY

4aCTb U IPUBCAEM HO,Z[O6HI)IC cJiara€ManIC.

a_a+x_,
b b+x

(b+x)a—(a+x)b=ba+ax—ab—bx=x(a-b)<0

Yro BepHO, Tak kak 0 <a<b.

Torna
a - a+c b - b+d
d+a+b d+a+b+c’ ' a+b+c a+b+c+d’
c c+ta  d d+b

< : <
b+c+d b+c+d+a c+d+a c+d+a+b
CJ'IO)KI/IB 9THU HepaBeHCTBa, l'IOJ'Iy‘II/IM

a b c d
+ + + <
d+a+b a+b+c b+c+d c+d+a
<(a+c)+(b+d)+(c+a)+(d+b)
a+b+c+d

=2

3aoauu ons camocmoamenvpHo20 peueHus..

1. Tlycrs a,b — Bemecrsennbie uncna. Jlokasars, uro 8’ +b? + = +=> J3
a a

2. Ilycts a,b,c — monoxwurenbHbie uncna. JlokasaTh, 4To
a’+b’+c’+3abc>ab(a+b)+bc(b+c)+ca(c+a)
3. Ilycte a,b,c — cropons! TpeyroapHuKa. Jloka3ars, 4To

a b c
+ + >
b+c—-a a+c-b a+b-c

1 1
4. JlokaXuTe HEPaBEHCTBO 3 < ( < > JUTST JTFOOBIX TIOJIOKUTEIBHBIX X, Y .



Pewenue 3a0au ona camocmosamenvho2o peULerusl.

3aoaua 1.

1 b
ITycts a,b — BerecTBeHHbIe uncia. Jlokasarh, uyto a’ +b? + —+—> \/é
y 2

Pewenue:
2 2 2
a2+b2+i2+9—\/§=(b+iJ +a2+i2—\/§=(b+ij + a—ﬁ >0
a- a 2a 4a 2a 2a
3aoaua 2.

HYCTB a, b, C — IIOJIOKUTEJIbHBIC YHCJIa. HOKaSaTL, 4qTo
a’+b’+c’+3abc>ab(a+b)+bc(b+c)+ca(c+a)

Ilepeguviii cnocoo:
MO)KHO CUUTaTh, 4TO d — MUHUMAJIBHOE U3 YHUCEIT a, b, C.
a’+b®+c’+3abc—ab(a+b)-bc(b+c)-ca(c+a)=

:(b—c)z(b+c—a)+a(c—a)(b—a)20

Bmopoti cnocob:

be3 orpannyeHust 0OIIHOCTH MOXKHO CUMTaTh, uTo a < b <cC.
a’+b’+c®+3abc—a’h—ab’ —b’c—bc’ —c’a—-ca® =
=a’+b’+c’+3abc—ab(a+b)-bc(b+c)-ca(a+c)=
=abc—(a+b-c)(b+c—-a)(c+a-b)

O6o3Haunm a+b—Cc=x;a+c—-b=x,;b+Cc—a=X;; Eciu kakoe-T1o u3 X;;X,; X; He

MMOJIOKUTECIIBHO, TO HCPABECHCTBO OYCBHUHO. HYCTL quciia X;; X,; X3 HOJIOKUTCIIbHBI, TOI' A

(% %, ) (X 4% ) (X X ) 2 24/% X, - 24X, - Xy 24/%; - X, =8X, - X, - X,




3aoaua 3. Ilycth a,b,c — cTropons! TpeyronbpHuKa. /[oka3aTh, 4TO

a b c
+ + >3
b+c—-a a+c-b a+b-c

Pewenue:

O6o3Hauum a+b—-c=x;a+c-b=x,;b+c—-a=Xx;;

a__ b L C 1[x2+x3+x3+x1+x1+x2]:

%X
X X X
s % KL X

b+c—a a+c-b a+b-c 2
Torna=l[ﬁ+—+— — —+§J=1[(§+i}+(§+ﬁ]+[§+ﬁnz
2 Xl Xl XZ XZ XS X3 2 Xl X2 Xl X3 X2 X3
2%(2+2+2)=3

3aoaua 4. Jlokaxute HEPABEHCTBO 1 < (X * y)(l_ Xy)
(1+ X2 )(1+ y2)

1
< > JUIsL JTFOOBIX MOJIOKUTENIBHBIX X, Y

Pewenue:

Beinonnum Tpuronomerpuueckyto 3ameny. Ilycte X =tga; y =tgf . Torna

(x+y)(1-xy) (tga+tgp)(1-tgatgp) _

(1+ xz)(1+ y2) (1+tgza)(l+tgzﬂ)
sin(a+B) . cos(a+ f)

- COSa‘cols,B cosla-COSﬂ =sin(a+,3)'C05(a+ﬂ)=%Sin2(0‘+ﬂ)

cos’a cos’

VcX01HOE HEPABEHCTBO MEPENUILIETCS B BUJIE —% < %sin 2(a+p)< %, T.C. ‘Sin 2(a+ ,B)‘ <1,

YTO BEPHO.

3aoaua 5. lycte a,b,c — monoxxurenpHBIe uncna; p=a+b+c, q=ab+bc+ca. Jlokasars,

aro max (a,b,c)-min(a,b,c)< %(p2 ~3q)

Pewenue:

Be3 orpanndeHus OOIIHOCTH MOYKHO CUMTaTh, uTo @ <h <C



O6o3HaunM b—-a=x;c—-b=x,.

Torna
%( p’ —3q):%((a+b+c)2 —3(ab+bc+ca))=

:%((x1+x2)2+x12+x22)

4
HUrax, TpeOyeTcs 10Ka3aTh, UTO X, + X, < \/g( X7+ X2+ X, - Xz)

Bo3Boaum 00e yacTu B KBagpaT U MEPEHOCUM BCE B IIPABYIO YaCTh, OIYYHM

1

4 1 2
§(X12+X22+X1'X2)_(X1+X2)2 :§X12+§X22_§X1'X2 =

1
=§(x1—x2)220

Jomawmnee 3a0anue.

1. Tlycte a,b, c - BemecTBenHbie yncia. Jlokasars, 94To
a*+b*+c’+1>(ab’ —a+c+1)-2a

2. Tlycrs BemecTBeHHbIC yncaa a,b,C e [0;1] . Jloka3atp, 9T0
2(a’+b*+c*)—(a%b+b’c+c’a)<3

3. JlaHel 9ncna X, Y, yIOBJIETBOpsIOmHeE ycuoBmio X° + y° <1. JJoKkaKnTe HepaBeHCTBO

X2 _y12 4 9x0y0 S%



Pewenue oomawnezo 3a0anus.

1. Ilycts a,b, c - BemecTBeHHbIe ynca. Jloka3ark, 4To

a‘+b* +c? +12(ab2 —a+c+1)-2a

2

a‘ +b*+c?+1-2a%h? +2a> —2ac—2a:(b2 —a2) +(c-a)’ +(a-1)">0
2. Tlycrtb BemecTBeHHbIC uncia a,b,c e [0;1] . loka3zaTts, 4yTO

2(a3 +b° +03)—(a2b+bzc+cza) <3
ITokaxem, yto 0 < 3—2(a3 +b? +C3)+(a2b+ b2C+C2a).
MOHO CUHTaTh, YTO & — MAKCUMaJIbHOE U3 uucen a,b,c. Paccmorpum aBa cityvas:
nycth b >c, Torna
3—2(a3 +b° +03)+(a2b+bzc+c2a =
= 2(1—a3)+(1—b3)+b(a2 —b2)+02 (a—c)+c(b2 —02)2 0
nycth C>b, Torna
3-2(a’+b*+c’)+(a’b+b’c+c’a)=

=2(1-a%)+b’(c—b)+b(a*-b*)+(1-c*)+c*(a—c) 20

3. Jlambl uncna X, Y, yaosiaeTBopsromue yciopmio X° + y® <1. JlokakuTe HepaBeHCTBO

X2 -y +2x°y° < %

Pewenue:

3aMeTuM, 4TO MepeMeHHbIE X, Y Be3/€ B YUETHON CTENEHM, TOTAa JOCTATOYHO PACCMOTPETh
TOJIbKO HEOTPHUIATCIbHBIC X, Y .

Ecmu monoxum X° =u, y® =v, 1o X —y? +2x°y® =u® —v* + 2uv.

KoneuHo, Ham OBl XOTEIOCH CIeTaTh TPUTOHOMETPUIECKYIO MOACTaHOBKY, €CIIH B34Th U 32
KOCHHYC HEKOTOPOTO yIJia, a V 3a CHHYC 3TOT0 )K€ yrja, TO pa3HOCTh KBaJpaToB OyaeT

KOCHHYCOM JIBOMHOTO yIJIa, @ YJIBOEHHOE IIPOU3BEJICHNE CUHYCOM JIBOMHOrO yria. Ho, mis
4 4
2 2 3 3
3TOTO JOJKHO OBLIO OBl BHIIONHATHCS yeiaoBue U” +V° =1, a 'y Hac ycnosue U2 +Vv3 <1.

Torma ckaxkeM, uto 11st modoro yucia 0 <k <1 BepHO k(sin2 t + cos? t) <1 u noaoxuM

x=%kcostu y="ksint,rme 0<k <1t e{o;ﬂ.



4 4 4 4 4
ITo ycnoBuio 1> X + y® =k3 (cos3t+sin3t]2 k3 (cos”t+sin’t)=k® . Torma

X7 —y? +2x°y® =k®cos®t —k?sin®t + 2k sint -k cost = k*(cos® t —sin®t + 2sintcost) <

1.
< C0S 2t +sin 2t =\/§sin£2t+%js 2 <%



