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(HaseBEaeMOk IeHTpoM cdepsl).
o I1Tap — 5710 cthepa BatecTe CO CBOEH B TPEHHOCTHIO.
R— pamuyc cdepsr mm mapa.
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eO6pensmapa V =

o [Tnomans chepst § — 4xR>

ofbem Teaa, BOKPYT
ocH Ox QHrypsl, OrpaHHYeHHOH JHHEHAMK § = f(x), x =a, x =b,
y = 0, Berancanerca no gopmyne

HHOr0 Bpa

b
V= njfz (x)dx.

B3aumHoe pacnonokeHue Wwapa u NN0CKOCTU. BnucaHHble u

OonucaHHble cepbl.

Cpopmynupylime aHano2uyHoe onpedesneHue uau ceolicmeo 8

e 2
v +1°=R? opMYIa OKDPYIKHOCTH C UEHTPOM B HAY:
KOOPZIHAT.

Tax xak dopuyna z2+y* < R? onpepenser KPYT, TO NONKD:
onpezenser dopyaa

0<y< VR~ 2% D(z)=[(~R;R].

Llap Gyaes paccmaTpuBaTh Kak Teo BPANICHIA HOAYKPYT
BOKDYT J . Toraa, ucnansays Qopmyny obbema Tes

naaHumempuu. (BaaumHoe pacrosioxceHue npamoii U OKpyHHocmu.

BriucaHHble u 0nMuCaHHbIE OKPYHCHOCMU).

Onpedenenue 1. [NaockocTs Kacaercs mapa (cdepsl), eCAH OHa
HMeeT ¢ wapoM (cepoit) e AUMHCTBEHHYIO OOILIYIO TOUKY.

Onpedenenue 2. lllap HaspIBAETCH BIHCAHHBIM B MHOTOTPaH-
HUK, €CAH OH KACaeTcsl BCEX IPaHel MHOrorpaHHHKA.

3ameuarue 1. lleHTp LIapa, BIHCAHHOIO B IHPAMHIY, ACKHT
BHYTPH [HpaMHAbLL. PaccTosHHE OT LEHTpa LIapa A0 KaXKIoH H3
TpaHel MupaMH/Ibl PaBHO paJuycy 1uapa.

06BeM

Bameuarue 2. s R,

1
THpPaMHIB V= 3 106

rae S, — TIAOIIA/IG MOAHOH MOBEPXHOCTH MHPAMHBI, R — pammuyc

BITHCaAHHOTO 1Iapa.

Onpedenenue 3. BUCCEKTOPHOI IAOCKOCTBIO ABYTPAHHOIO YTAA
c pebpom / HashIBaeTCH MAOCKOCTB, MPOXOAAIIAs Yepes npamyio /
H OHCCEKTPHCY AHHEHHOrO yraa.

3ameuanue 3. BHcCeKTOpHAs IAOCKOCTE — MHOMKECTBO TOYEK
MIPOCTPAHCTBA, PABHOYAAACHHEIX OT IpaHel ABYTPaHHOTO yraa.

Onpedenenue 4. [1A0CKOCTB, IIPOXOASINAS Yepe3 CepefHHy OT-
peska AB, NepHneHAUKYAAPHO 3TOMY OTPE3Ky, Ha3kIBaeTcs cepe-
JMHHOI IepleHINKYAdPHOH IIAOCKOCTBIO OTpe3Ka AB.

Bameuarnue 4. FCOMCTIJH‘-ICCKOC MECTO TOYEK B IIPOCTPAHCTBE,
PaBHOYIaA€HHBIX OT KOHIIOB OTpPE3Ka, ABAAETCH CepeILIfIHHOﬁ nep-
HCH}.‘[MKyAS[pHOI:’I TIAOCKOCTEIO 3TOT0O OTPE3Ka.

3ameuanue 5. Ecanm ToukH A H B aexaT Ha cdepe, TO LEHTp
cdepbl ACIKHT Ha CEPeIHHHOH IepIeHJIHKYASIPHOH ITAOCKOCTH OT-
peska AB.

Onpedenenue 5. Chepa Ha3bIBAECTCSI OIHCAHHOH OKOAO MHOLO-
TPaHHHKA, €CAH BCE BEePIUINHEI MHOTOTPAHHHKA AeKAaT Ha cdepe.

3ameuanue 6. EcaM OKOAO MHOrOrpaHHHKA MOXKHO OIHCATh
cepy, TO ee IEHTP ACKNAT Ha IepecedeHHH CePEHHHBIX MepIeH-
IHKYASPHBIX IIAOCKOCTEH Becex pefep MHOTOrpaHHHKA.

Ipusnax Kacarnus cgepul u nocKocmu.

TIaockoCTE KacaeTcs: cephbl TOTa H TOABKO TOTZA, KOTJA IAOC-
KOCTh IIPOXOJHT Yepe3 TOUKY Ha cepe H NepIeHAHKYAspHA paiy-
yCy, IPOBEIeHHOMY B 3Ty TOYKY.

Teopema 1. (O cywecmaoeaHuu onucaHHoil cgpeput)

B NIpOH3BOABHOH TPEYTOABHOM MHPaMH/Ie CepeIHHHbIE IepleH-
JUKYASIPHBIE IIAOCKOCTH Bcex pefep HMeIOT eIMHCTBEHHYH ODIIYIo
TOYKY, PABHOYIZAAECHHYIO OT BCEX BepPLIMH IHpaMHabl. Obiad Tou-
Ka #BAIETCH LEHTPOM C(epbl, OIIHCAHHOH OKOAO TPEYIOABHOM IIH-
paMHABL.

Yreepxaenne 2. [lycte 54, ... A, - nponsBoabHas MHpamMHaa

n
c BepmmHoii S u ocHoBammeMm 4, .. 4 . Bokpyr mapammmbi

MOKHO OITHCATBH IIAD TOT/IA M TOABKO TOT/IA, KOTA BOKPYT MHOTO-
yroaeHuKa A ... A, MOXHO OmHCATh OKPYKHOCTb.

Jorxasamenscmeo. Ecan 0KOAO THPAMHIEI MOKHO OIIHCATE IIap,
TO B CEYEHHH IIapa IIAOCKOCTBIO OCHOBAHHS IIOAYIHTCS MHOTO-
YTOABHHK, BITHCAHHBIH B 0KpyxHOCTh. O6patHo, nycts Touka O —
LIEHTD OKpYXKHOCTH panuyca R, oNHcaHHOH OKOAO OCHOBaHHS.
IIpoBeseM MEPHEHIMKYAAP K IIAOCKOCTH OCHOBAHHS 9EPE3 TOUKY
0. Torma ToYKa TIepeceYeHHs 3TOTO TIEPIEHTHKYASPA M CEPEIHH-
HOIl TIePIEeHINKYAIPHOI MAOCKOCTH pebpa S .4, paBHOyZaseHa OT
BCEX BEPIUHH OHPAMUIEL

Bameuarue 2.1. LleHTp cdepbl, OMHCAHHOH OKOAO IIPOH3BOAL-
HOH NHPaMH/BI, AEXKHT Ha IEPHEHIUKYASPE K OCHOBAHHWIO ITH-
paMH[iBl, IPOBEIEHHOM 4Y€PE3 LIEHTP OIHCAHHOW OKOAO OCHOBa-
HHf OKPYKHOCTH.

YrBepxaernue 3. LleHTp cthepsl, OMHCAHHOH OKOAO ITPaBHABHOH
TPEYrOABHOH MHPaMH/BI, AEKUT HA BBICOTE MHPaMUJILI.
Cnedcmeue 3.1. Pauyc cdepsl, OIMHCAHHON 0KOAO IIPABHABHO-

To TeTpasapa c pebpoM a, paBeH T

YrBepxaenue 4. llenTp cdepkl, ONHCAHHOH 0KOAO IPABHABHOMH
YeTBIPEXYTOABHOM ITHPAMM/Ib], AEZKHT HA BBICOTE ITHPAMU/IBL.

3ameuarue 2.2. EcAM H3BECTHEI KOODAHMHATEI YETHIPEX TOUEK
(x,, ¥ =) k=1 2,3, 4, rexxamux Ha cepe, To paguyc
cheprer R u xoopmumater menrpa cdeprr O (X, Vs Z,)

YpPaBHEeHHH
(k=123 4

MOZKHO HaHTH,
2 7
(v, — %) + (0 — )

pelHB cHCcTeMY
2

+ (5 -2 =R

YreBepxaenne 5. OK0oAO IIPH3MEI MOXKHO OIIHCATh Cepy TOraa
U TOABKO TOT/Ia, KOIZla MPH3Ma IIpAMasd U OKOAO €€ OCHOBaHHSI
MOXKHO OIHCATh OKPY2KHOCTE.

YrBepxaeHne 6. Ecan chepa kKacaeTrcd ABYX IepeceKaloIHXCS
TIAOCKOCTEH, TO €€ LIEHTD A€XKHT HAa OHCCEeKTOPHOHR IIAOCKOCTH ABY-
T'PAHHOTO yTAa, 00Pa30BAHHOTO STHMH IIAOCKOCTSIMH.

VrBepmaenune 7. Ecan chepa BIHcaHa B MHOTOTPaHHHK,
TO €e IEHTP AEXKHUT Ha IepPecedyeHUH BCeX DMCCEKTOPHEIX MAOCKO-
CTeH MHOTOrpaHHHKA.




YrBepmaeHnHe 8. (O cywecmaosaHuu enucaHHol cghepul)
B IIpOH3BOABHYIO TPEYTOABHYIO [MHPAMHAY MOXKHO BIHCATE cde-
Py-

YrBepxaeHHe 9. lleHTp cdephl, BOHCAHHON B IPABHABHYIO
TPEYTOABHYIO THPAMHAY, A€FKHT Ha BBICOTE IIHPaMHIEL

Cnedcmeue 4.2. Panuyc mapa, BIINCAHHOTO B IIPaBHABHBIH
a 6
12

YrBepxaenne 10. llenTp ccepbl, BIMCAHHOH B NpaBHABL-
HYIO0 YE€TBIPEXYTOABHYIO THPAMHY, AEXKHT HA BBICOTE MHPAMH/JIEL.

Terpasap ¢ pebpom @, paBeH

ayisA mapa (cdepbl) BbIIOJIHSA-
IOTCA CIeAYIONIHe MeTPHUECKIe COOTHOIIIEHUA:

— mauamerp mapa (ciepst), AeAsui ero XopAy nonoJjam, nep-
NeHAUKYJIAPEH 3To# xopae;

— OTpe3KH BCeX KacaTeJbHBIX IPAMBIX, NPOBEAEHHBIX K IIapy
M3 Of{HOH PACHOJOXKEeHHOH BHe IIapa TOYKHW, PABHBI MEXAY CODOMH
(oHM 06pas3yIOT MOBEPXHOCTL KOHYCA ¢ BEPIINHON B JaHHOH TOYKe,
a TOYKHU KaCaHUA 3TUX NPAMBIX — OKDYKHOCTb OCHOBaAHHUA 3TOTO
KOHyca);

— Npou3BefieHHe IJIHH OTPEe3KOB XOD/ Ilapa, NPOXOAAIMUX Je-
pe3 OfHY H Ty )K€ BHYTDEHHIOK TOUKY I1apa, eCTh BeJIHYHHA MO-
croaunas (pasHas R? — a2, rie R — paauyc mapa, @ — paccTosi-
HHe OT IeHTpAa HIapa [0 JaHHO! TOUKH);

— eCcJI¥ U3 O/THOH W TOH Ke TOUKH BHE IIapa NPOBENEHBI K HEMY
CeKyIllad M KacaTeiabHAas, TO MPOMU3BeJeHHE AJUHBI OTPE3Ka BCei
CeKyllell Ha AJMUHY OTpe3Ka ee BHEIIHEH 4acTH PABHO KBajpaTy
IIUHBLI OTPe3Ka KacatenbHol (1 paseo a? — RZ, rme R — paguyc
mapa, @ — paccTosHue OT eHTpa IIapa A0 JaHHOW TOUKH).

IIpu pemeHuu 3a1a4 HA BIANMHOe pacnoyoxkeHue cepsl (1ma-
pa) ¥ IJIOCKOCTH YIO00HO PACCMOTPETH CeUeHNe JaHHBIX IIIOCKOCTH
u cdepsl (mmapa) Toil AUaMeTpaNbHOMN MJIOCKOCTHIO ceps! (1napa),
KOTOpaA nepneHANKYNAPHA JaHHOH nuockocti. Torga B ceueHHH
NONYyYaeTCA OKPY/KHOCTH (KPYT) W NpAMAas, MO3TOMY DeLIeHHe
JAHHOH 3ala4¥ CBOAUTCS K PELISHHIO IIAHUMeTPUYEeCKOH 3ajaun
HA B3ANMHOE PACHOJIOMKEHHE OKPYKHOCTH (Kpyra) u NpAmoil.

IIpu pemennn 3aja4n Ha KoMOuHANUIO chepbl U ABYTPDAHHOIO
yraa (cepsl U ABYX Hepecekalon[UXCcd IUIOCKOCTeH) AJOCTATOYHO
paccMOTpeTh CeueHHe ABYTNDAHHOTO yria u cdepsl (ABYX mioc-
KocTed u ciepbl) TOH AuamMerpanbHOH IiockocTsio cdepsl, Ko-
Topas IepHeHAUKYAsApHa pebpy ABYrpaHHoro yria (upsamoi
nepeceueHUs JaHHBIX maockocTeif). Toraa B ceveHnu nonyuaercs
OKPYKHOCTH M NAOCKHUH Yroi (OKPY:KHOCTb M JiBé I[epeceKaro-
[[uecs npsMble), 03TOMY pelleHHe NAHHOW 3aJlauy CBOAWTCH K
pelIeHUI0 ITAHWUMeTpuUecKol 3aauu HA KOMOMHAIIMIO OKPYIK-
HOCTH M TIJIOCKOTO yrja (OKPY:KHOCTH M ABYX IepeceKalOn[uXcs
IpPAMBIX).
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B NpaBu/ibHYIO LLECTUYroIbHYH0 NpaMuay, 60koBoe
pe6po koTopoli paBHo 10, a BbicoTa paBHa 6, BN1caHa
cdepa. (Chepa kacaeTcs Bcex rpaHeil nupaMmabl.)
HariguTte nnowaab 310l chepbl.
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Illap xacaeTcss BceX rpaHell NpPaBHIBHOH TPeyronbHOH
npu3MeL. HafiuTe oTHOmeHHe 0GBEMOB 1apa U IPH3MEL

Omeem: 27:9v/3.

Pem e HH e. [IycTs O —11eHTp IIapa paguyca R, BMcaHHOrO B Ipa-
BHJIBHYIO TPeyroiabHyio nmpusMmy ABCA;B,C;, M u M, — To4KH KacaHHs
mapa ¢ ocHoBaHuAMH ABC u A, B,C, cootBeTcTBeHHO, a D, E u F — ¢ 60-
KOBBIMH rpaHaMH. Torga M u M, — IleHTPH paBHOCTOPOHHHX TPEYTO/b-
HHKOB ABC u A;B;Cy, a D, E U F — 11eHTPH NPAMOYTOIBHHKOB AA; BB,
BB,C,C u AA,C,C coOTBETCTBEHHO.

B cedeHMH NPH3MBI IUIOCKOCTBIO, NPOXOJAINEH Yepes LEHTP Iuapa
napajIelbHO OCHOBAHHAM, MOMYYHTCA PABHOCTOPOHHHE TPEYTOIBHHK
A,B,C,, pasHbIil TpeyronbaukaMm ABC u A;B,C,, H BINCAHHBIH B HETO
Kpyr paguyca R, Kacatomuiica cropon A,B,, B,C, n A,C, B Toukax D, E
u F coorsercTéeHHO. Lentp O mapa nexur Ha orpeske MM, u genut
€ro momosam, 3Ha4mT, AA; = MM, = 2R. Touka O JNE€XHT Ha BBICOTE
TPEyroibHUKAa A,B,C, W AEIWT €€ B OTHOMIEHHH 2: 1, cumTas oT C,,
3Ha4uT, C,D =30D =3R.

W3 npamoyronbHOro TpeyronbHuKa OA,D HaxoguM, 9TO

A,D = ODctg30° = RV3.
3Ha4HT,
Sassc = Sansc, = 3AsB,C,D = RV3-3R = 3R*V3.
ITycte V) 1 V, — o6bEMEI apa ¥ NIPHU3MEL COOTBETCTEEHHO. Torga
Vi = 37R%, V, =S, AA, = 3R*V3-2R = 6R*V3.
CrnemoearenbHo,
v _ 4 _
v, T 6R*V3 9
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