1. Kuaccuyeckue HepaBeHCTBA MEKIY CPeIHHUMH.
(a,a,,...,a,>0)

YETBIPE CPEIHUX CBA3aHbI OJHOM LIETIOUYKON HEPABEHCTB:

2 2 2
n a+a,+..+a a +a,+..+a
<1/aa,..a, < : D < : o,
1 1 1 al 2 n n

IPUYEM PABCHCTBO JOCTUIACTCA TOJIBKO B C1y4yae @ =a, =...=4a,.

HpuMep CYMMa IIATH ITOJTOXKUTEIIBHBIX YUCEII paBHA €IUHUIIC. HOKaBaTB, 4YTO UX MOKHO paCCTaBUTb

o 1
0 KPYTy TakK, 4TO CyMMa BCEX ISTH MOMApHbBIX MPOU3BEICHUIM COCEIHUX unces OyaeT He OobIle c

Pewenue:
ITycrs @,,a,,8,,d,,8; — JAaHHBIE YHCIIA.
Paccmotpum

2 2 2
(a,+a,+a,+a,+a;) =a°+2a(a,+a,+a,+a;)+(a, +a,+a,+a;) =
=a’+2(a,-a,+8,-a,+a,-3,+8,-3;)+a," +28a, (8, +a, +a;)+(a, +a, +a;)
:af+a22+2(a1-a2+a1-a3+a1-a4+a1-a5+a2-a3+a2-a4+a2-a5)+a32+2a3-(a4+a5)+(a4+a5)2:

2

=a’+a,°+a, +2(8,-a,+8,-a,+8,-8,+8,-85+a, 3, +8,a, +8, 8, +8,8, + 8,8 )+, +23, 3 +8 =
=a’+a,°+a, +a,°+a +2(a,-a,+a,a+8,-8,+8,-8;+a,°8,+2,°, +8, 8 +8,°8, 8,3 +a, &)
O603HauUM

S,=a,-a,+a,-a,+a,-8,+3,-a +a,-q,

S,=a-a;+a;-a;+8;,-a,+8,°8,+a,- &

Tak kak

IA
N |-

S,+S, =%((a1+a2+a3+a4+a5)2—(a12+a22+a32+a42+a52))

1
TO OJIHO M3 YHCeN S, WIH S, He OoJbIIe -

3,[[60]: MMPUMCHUIIN HEPABCHCTBO MCKAY CPCAHUM KBAAPATHUICCKUM U CPECIHUM apI/I(I)MeTI/I‘leCKI/IMZ

a +a,+a,+a,+a, <\/alz+a22+a32+a42+a52

5 5
[a1+a2+a3+a4+asf< a’+a,”+a’+a,” +a°
5 B 5
1 _a’+a’+a’+a’ +a

25 5

1
a12+a22+:;132+a42+a522g



2. HepaBeHcTBO MeKIy CpeIHMMH CTeNEeHHbIMM.
Beenem onpenenenue.

CpenHum creneHHbIM nopsinka t st a;,a,,...,a, >0 Ha3bIBaeTCs YMCIO0

M. =

t

1
t oAt t\;
[ai +a2+...+anj 120
n

Ya,-a,-...-a,,t=0

OtmeruM, 4TO Yepe3 cpejiHee CTENEHHOE KIIACCHYECKUE HEPABEHCTBA MEXK Ly CPETHUMH BBITTISIAT
caenyromum oopazom: M_, <M <M, <M,.

JlaHHas 1ETI0UKa SIBJISETCS YACTHBIM CIIy4aeM CIIEIYIOIIEro OOLIEro yTBep K ACHHUS:

M, Bo3pacraer kak ¢gyHKuus oT t.

[Tpumep. Ilycth @, B,y - yriabl OCTPOYTOJIBHOTO TpeyronbHuka. Jlokasats, uro npu 0 < p <1 BepHO

3 3
cospa+cospﬂ+cosp;/£5 ,aTpH P> 2 BEPHO COSpa+COSpﬂ+COSpy2?.

Perienue:

IMycers 0< p<1

o |+

.1Ilo HEPAaBCHCTBY MCIKAY CPECAHUMU CTCIICHHBIMU

cos” a +cos® B +cos’
Paccmotpum ( p /4

3

1
(cospa+cospﬂ+cospy » _ COS@+CO0S 3+C0Sy
3 Bl 3

3
[Tokaxem, 9T0 COS +COS 3 +COS ¥ < >

Tak xak «, ,y - yribl TpeyroJbHHUKA, TO
a+p+y=rm.

COS @ +C0S 3 +COS y = COSx +C0S § —CoS(a + ) =

[To dopmymnam:
+h 2B

(04
CoSa +Cos F=2-Cc0os > -COS >

cos(a+,6’)=2(:osz(a;’8j—l

:2-cosa;'6-cosa;'g—(mosz%—ljs2-cosa;ﬁ—20052#+1

(Tak xak COS a;ﬂ <1)



——20052#+2-cosa+'g+1:—%(4cosz#—4-003#+1}+g:
2
=—l ZCOSM—I +§s§
2 2 2 2

Torna

w

1
(COSp(l-i-COSpﬂ-l-COSp]/Jp  COSar+C0s B+C0Sy <2_1
3 h 3 -3

2

cos? o +cosP B +cosP y <(1jp
3 2

3
cos” a +cos” S+ cos’ 7/3?
ITycte p>2

cos® a +cos” B +cos? y
3

P
Paccmotpum ( ] . Ilo HepaBeHCTBY MEXAY CPEAHUMU CTEIICHHBIMU

1 1
(cospa+cosp,8+cosp;/ P cos® o +cos® f+cos’ y |2
3 B 3

3
Hayo mokasats, uto C0S” @ +C0s® B+ c0s? ¥ > =, torna
"3

3 2

P ~

cos”a+cospﬂ+cospy>(cosza+coszﬂ+coszyj2 . (4) _(1}"
3 - 3 3|

3
cospa+cospﬂ+cospy2§

K oomawnemy 3aoanuro: Ilycts o, B,y - yriabl OCTPOYTOIBHOTO TpeyroibHuKa. Jloka3ars, 4To

3
Cosza+COSZ,B+C0527/ZZ.

. /2
Vkazanue. Tak kak TpEyroJabHUK OCTPOYTOJBHBIN, TO &, f,) € (O; Ej . MoHO clienartp ciaenyonyro

3aMeHy NIePeMEHHBIX: X =7 —2a; Y =7 —2f;7=7—2y . 3ametum, ut0 X+Yy+2=7 u X, y,2€(0;7),

T.C. X,Y,Z-3TO yTJIbl TPEYTOJIbHUKA, 4 3HAYUT MOXKHO BOCIIOJIb30BAThCS YTBEPKACHUEM, JOKA3aHHBIM

Ha 3aHATHUU JJI1 IIPOU3BOJIBHOTO TPEYrojJbHUKaA COS X+ COS 'Y + COS Z < E



3. HepaBenctBo bepnyJin.

ITycte X >—1. Torna
(1+x)" 21+ ax npu a >1;
(1+x)" <l+ax npn O<a <1
PaBEeHCTBO JIOCTUraeTCs TOIBKO mpu X =0 .

-1
IIpumep. IlycTh N - HATypajabHOE YUCI0, N> 2. JlokazaTk, yro N" > (n +1)n

Pewenue:
Paccmorpum n_n
(n+1)
n ) _(m+1-1) (1 ), n 1
(n+1) (n+1) (n+1) (n+1) (n+1)
n" n

W > 1 JIOMHOYHM Ha (n +1) >0 u nmomyyum TpeOyeMoe HEpaBEHCTRBO.

n+

4. HepasenctBo Komu — bBynsikockoro- LlIBapua.

B 1821 roxy O. Ko ony6iukoBai 0JJHO U3 BaKHEUIINX KIACCHUECKUX HEPABEHCTB:
2 2 2\ (2 2 2 2
(& +a; +..+a2)(0’ +b; +..+b’) > (ab +ab, +..+ab ), rue a,a,,..,a,,b,b,,....b, -

IIPOU3BOJIbHBIE BEIleCTBEHHbIE uncia. [lo3anee pyccknit maremaruk B.S. byHsAKoBCKuil qokasain
MHTErpAJIbHBIN aHAJIOT 3TOr0 HEPAaBEHCTBA. [lanee K TakuM JKe pe3yabTaTaM IPUILE] HEMELKUI

Matematuk ['. [IIBapu. B cBsI3u ¢ 9TUM JaHHOE HEPABEHCTBO Ha3bIBAIOT HEpaBeHCTBOM Komn-
bynskosckoro ninu Komm-bynskosckoro-I1IBapua.

Ecnu monoxum b, =b, =...=b, =1, To monmy4nm 4acto ucrnonb3yemblii YaCTHBIH cly4ail HepaBeHCTBa

2
Komm-byHsAKoBCKOro (af + az2 +..t+ af) ‘nz (a1 +a,+..+ an) ,rae a;,a,,...,a, IPOU3BOJIbHBIE

BCIICCTBCHHBIC YK CJIA.

IIpumep. JlaHBI BEIECTBEHHBIE YUCIIA X[, X,,..., X, . HaliniuTe MakcuManbHOE 3HAYEHHUE BBIPAKEHUS

A=(sinx, +sin X, +...+sinX,)-(COS X, + COS X, +...+COS X, )

Pewenue:

3amernM, uto a° +b? > 2ab s mo6kIX AelicTBUTENbHBIX a 1 b, puuem a° +b® = 2ab, Tombko ecin
a=b.

A= (sinx +sinX, +...sin X,) - (COS X, +COS X, +...+COS X, ) <

1, . . .
< E((sm X, +8in X, +...8iN X )% +(COS X, +COS X, +...+COS X, )?)



Tlo HepasencTBy Komu-Bynsikosckoro (Sin X, +Sin X, +...+sinx )* < n(sin2 X, +8in® X, +...+sin’ Xn) u

(COS X, +COS X, +...+C0S X,)* <N (COS* X, +COS” X, +...+C0s" X, ). Toraa

1 - . - 2 1 2
ASE(SIn X, +Sin X, +...sin X) +§(cosx1+cosx2 +...+C0SX,)" <

n, . . . n
< E(sm2 X, +5in% X, +...+sin? xn)+§(cos2 X, +C0S° X, +...+C0S” X, ) =

2

_n ) -2 =2 2 2 2 _n
=—[sIn" X, +SIN" X, +...+S8IN" X, +COS™ X; +COS™ X, +...+COS" X, | =—
2 2 n 2 n 2

b1
PaBeHcTBO ocTUTrAETCs B ClIydae X, =X, =...= X, =—
4

2
n

OtBeT: —
2

5. HepaBencrBo Uencena.

Cpenu U3BECTHBIX KIIACCUYECKUX HEPABEHCTB 0CO00E MECTO 3aHUMAET HEPABEHCTBO, KOTOPOE IMIPHHSATO
HasbIBaTh Mencena, ono 6bu10 nomyueHo O.I'enpaepom B 1889 r, a narckuit marematuk Moranu
JlrogoBur MeHceH nokasail ero MHTerpaibHbii aHaaor B 1906 r.

Cuauvasa JauM 0JIHO BaskHoe onpejernenne. Oyukuus T, 3amaHHas Ha HEKOTOPOM IIPOMEKYTKE

BEIIECTBEHHOM OCH, HAa3bIBaACTCA BLIHYKHOﬁ, €CJIn 1A JIFOOBIX YHCET X, X, M3 3TOr'0 IIPOMEKYTKA U

M000r0 Ynciia o € [0;1] BeINONHsIeTCs HepaBeHCTBO f (aXx, + (1—a)X,) <af(x)+(@—-a)f(Xx,).

I'paduuecku 3T0 03HAYALT, YTO BCAKAsI XOP/a, COSNMHSIONIAS JBE TOUYKU Ha rpaduke, JISKUT BBIIIE
COOTBETCTBYIOILIEH YacTu rpaduka.

Jlns npuMeHeHus HepaBeHcTBa MleHceHa HE0OOXOAMMO ONPEIENTUTh, SABISAETCS JIU (DYHKIHS BBITYKJIOH.
MBI 3TO ymMeeM JAenaTh ¢ TOMOIIbI0 BTOPOM MPOU3BOAHOM: eciu GyHKIMS ABaKAbI U depeHupyema,
U BTOpas MPOU3BOIHAS 3TOW (PYHKIIMU HEOTpULATeIbHA, TO (YHKIINS — BBITYKJIA.

Wrak, chopmynupyeM HepaBeHCTBO VeHceHa.

[Tycte f - Bemyknas ynkums, torna f (o X +a,X, +...+a X)) <o f (X)) +a, f (X,)+...+ ¢, f(X,), rne
Xy, Xy, ...y X, - yHCIIA U3 OOsacTy onpenenenns Gpynkunu f, oy, a,,..., o, - NONOKUTENBHBIE YKCIA, CyMMa

KOTOpPBIX paBHa 1.

YacTo uCmoib3yeMast 3aIiCh HepaBeHCTBA IS BRIMYKION QyHKiwin f :
+X, +...+X
F)+ (%) 4ot F(x )20 f (’92—)
n

Ecnu B OIPECACIICHUN BBIHyKJ'IOfI (bYHKHHH 3HAaK HCPpAaBCHCTBA UBMCHUTH Ha HpOTHBOHOJ’IO)KHLIﬁ, TO
COOTBCTCTBYIOIIAA (I)yHKI_II/IH Ha3bIBACTCA BOFHYTOﬁ. ﬂCHO, 4qTo (I)yHKI_II/ISI f BOT'HyTa TOTAa U TOJILKO

toraa, koraa ¢pyukius (—f) Bemykita. Kpurepriem BorHyTOCTH TSt [BaXK 161 U depeHnnpyemoit
(GyHKIUY SIBISIETCS HE TIOJIOKUTENBHOCTh €€ BTOpoi pou3BoAHoN. HepaBeHncTBo MeHcena ans
Boruytoil pynkuun f Beirmsimut Tak: f (o X +a,X, +...+a X)) 2o fF(X)+a, f(X,)+...+a,f(X,) rae



X;s Xy, -eey X, - UHCIIA M3 OOJIACTH onpeneneHus pynkuuu f, o, a,,...,, - MIOIOKUTEIbHBIC YHCIIA, CYMMa
KOTOpBIX paBHa 1.

Yacro ucnonb3yeMast 3aluch HepaBeHCTBA ISl BOTHYTOM GyHKmu f :

f(x)+ f(x)+...+f(x)<n-f (%j

[Tokaxem Tenepb, Kak U3 HepaBeHCTBa MeHceHa MOXKHO NOJyUYNUTh HEPABEHCTBO MEXYy CPEAHUMHU
CTEIIEHHBIMHU:

ITycte M, - cpenHee creneHHoe nopsaka t s a;,a,,...,a, >0:

1

fray+..ral )t

[ai 2t t Gy 120
n

M. =

t
Ya,-a,-....a,,t=0
Torna M, <M, npu 0<t, <t,

t
t
HUcnone3yst obo3navennst b =a!, t=->1, 3anumieM HepaBeHCTBO Mtl < Mt2 B BHUJE:

t2
t n
Zia| Tl
n

, @ 9T0 HepaBeHcTBo Mencena st Bbimykitoi pyskimun f (X)=x',(x>0),

B YaCTHOCTHU, TEM CaMbIM JJOKAa3aHbI U KJIACCUYCCKUC HCPABCHCTBA MCXKIY CPCAHUMMU:

I1a SLSH— . (a,8,,..,a,>0)

n n

Z

|=1

D Y M D2
c<{11a)

n

Tpumep. Cymma MOJIOKUTENBHBIX Yucen a,bh,C B ceMb pa3 MeHbIe ux npoussenenus. Haiimure
HaMMEHbIIIee 3HaYeHUE BhIpakeHns: ab +bc+ac.

Pewenue:.
1 1 1 1 1
ITo ycnoeuto a+b+c==abc. Pazmenum Ha abc: —+—+—==
7 bc ac ab 7
1 1 .
Ilycte X=—, Yy=—, Z=—,TOrAa X+ Y+Z=—. Hano HaliTh 3Ha4€HHE BBIPAKCHUS
bc ac ab 7

1 1 1
ab+bc+ac==+—=+=. Paccmorpum dynxrimio f(t) = f , st t >0 oHa BorHyTa, TOTIa
X y z

3anuIIeM HepaBeHCTBo Hencena /ij1st BOTHYTON (YHKIIMH:

1 1 B X+y+27) 1 3. 3
;+y+— f(X)+f(y)+f(Z)<3 f[Tj—:g X+—y+z—31—63
3 7

Omeem: 63



3aoavu ons camocmosimenvbHo2o peuterHus.

1. Tlyers a,b,c>0 u a+b+c=1. Jlokasars, uto ~2a+1+/2b+1++/2c+1<+/15
2. Ilycte n- HarypanbHoe umcio, a,b,c >0 u a+b+c=1. Jloka3ats, 4TO

2/ab +/bc + Yfca < Y372 .
3. Jlokazatb, 4TO 3/3+§/§+§/3—3/§ < 2§/§.

2, 12\ 2 .2 4 .
4. Tlycts uncna a’bZ%-ﬂ.OKaSaTb,HTO (a ;'b ] +ﬁga +a_2|-b +b

Pewienus 3a0au 011 camocmoamenbHo2o peueHus:

1. Ilycts a,b,c>0 u a+b+c=1. Jloka3ats, 4TO \/2a+1+\/2b+1+\/20+1§\/1_5

Pewenue:.

(Vza+1+V2b+1+2c +1)2 < 3((\/2a+1)2 +(v2b +1)2 +(\/20+1)2) ~15

(HEpaBEHCTBO MEKIY CPEIHUM apU(PMETHUSCKUM M CPEAHUM KBaPATHYCCKUM)

2. Ilycte n- HaTypanbHOe uucio, a,b,c>0 u a+b+c=1. Jlokasars, 4T0
Yab +¥bc + Yca <32 .

Pewenue:.

[Tycts p =—. Ilo HEepaBeHCTBY MeXy cperHUMHU cTeneHHbIMU ripu 0 < p<1
n

1
P P P\p
((ab) +(b§) +(ca) T’Sab+bgc+ca

Paccmorpum

(%W&W@T - ab+bc+ca<(c’:lervLC)2 1
3 B 3 B 9 9

1
mw&@ﬁ

3 9

@+%+ﬁs%=@=w—z

3. Jloka3atb, 4TO 3/3+3/§+§/3—3/§ < 2§/§.

Pewenue: Tak kak ¢pyukuus f(X) = Yx npu X >0 Boruyras, To o HepaBeHCTBY MeHceHa

(+8)+(o-36)

2

~-233

I3+3B3+33-33 = f(3+%/3)+ f (3-43)<2f



2 12 )2 2 12 4 .
4. Ilycts umcna a,bZ%.ﬂOKawaquo (a erb J N ’a ;Lb LA +342rb +b

Pewenue:.

1
PaccmoTrpum BeinyKiIyio GyHKIMIO f , 33a1aHHY0 HA IPOMEXKYTKE [Z ; +OOJ no npasuny f (X) = %% +4/x

f(a®)+f(b’) a‘+a+b*+b.
2 Bl 2 '

a’+b?)_(al+b?) /a2+b2
f = +
2 2 2

f 8.2 +f b2 2 2
Toraa no HepaseHcTBy MeHceHa ( ) ( )Z fLa erb j

2




