(Bcnomoeamenvnwiii mnocounen) TlonoxkuTenbHble unucia a,b,Cc TakoBbI, YTO

1 1 1
abc>1 a+b+c<=+ B + = . JlokasaTh, 4TO pOBHO OJIHO U3 ATUX 4ucen a,b,C MeHbIe
a C

€IMHHUIIBI.
(I'eomempuueckue unmepnpemayuu) JInst yrioB o, 3,7 CUpaBelIMBO HEPABEHCTBO

sina +sin g +siny > 2. JlokaxuTte, 4TO c03a+cosﬂ+cos;/s\/§.

(I'eomempuyeckue unmepnpemayuu) U3ectno, uto a’ +b*> =1 u ¢’ +d?* =1. JJokaxure,
yro ac+hd <1

(Paszbetime mHoocumenu Ha napul u oyenume xKaxcoyro napy) IIpo maTh MoI0KHUTEIbHBIX
YHCEN U3BECTHO, YTO €CJIM U3 CYMMBbI JIFOOBIX TPEX M3 HUX BBIYECTh CYMMY JIBYX
OCTaBIIIUXCSI, TO PA3HOCTH OyIET MOJOKUTEIBHOM. J[0Ka3aTh, 4TO MPOU3BEACHHUE BCEX
JECATH TaKMX Pa3HOCTEH HE MPEBOCXOUT KBaJlpaTa MPOU3BEACHUS JaHHBIX AT YHCET.
(Hepasencmea mexcoy cpeonumu) Haiimure Hanbosblee 3HaueHHE 00beMa TPEyTroIbHOM

MUPaMUJIbI, y KOTOPOW MPOTHUBOIIOIOKHBIE peOpa paBHbI, a CyMMa JUIMH BCEX CTOPOH 362 .
Vkazanue: Eciu npoeecmu uepes kasxcooe pedpo nupamuobi nI0OCKOCHb, NAPALLENbHYIO
npomugoexcauiemy peopy, mo noayyumcsa mpu napvl LI0OCKOCmeltl, npu nepeceyeHuu
KOMOPbIX 00pazyemcs napaiieyenuned, Ha3vleaemvili OnUcanHvim. Tax kaxk
npomusoiedcawjue pebpa pasHol, Mo 8 Kaxicoou panu OUA2OHANU PAGHBL MeNCOY coOOl, m.e.
2PanU — NPAMOY20IbHUKU, A 3HAYUM IMOM napaieienuned npamoyeoibHuli. Oovem
RUPAMUObL COCMABIAEN MPEemblo Yacmsb 00vema 9moco napaiieienuneoa. Ilycmo pebpa
ONUCaAHHO20 napainenenuneda a,b,c.

(Hepasencmea meacoy cpeonumu) Buytpu tpeyroasauka ABC ormeTwiu Touky M.
UssectHo, uto AM =a; BM =b; CM =c. Moruu au mwiomaau tpeyroibankos AMB, BMC,

CMA okasartbcs paBHbIME @°, b, C* COOTBETCTBEHHO.
(Hepasencmea meacoy cpeonumu) Haiimute Ha MHTEpBaje (—1; 1) HAaMMEHBIIIEE 3HAYECHUE

1

1
HKIIUU Y = +
by y Y1—x Y1+x

(Hepasencmea medicdy cpeonumu) Ilycts a@,b - monoxurensusie uncna. Haiiaure

a’ +ab+b?
a’—ab+b’
(Bvroenenue xeaopama) Ilycts a,b - BemecrBennsie unca. Haiiure HanMeHbIee

HauOoJIbIlIee 3HAYCHUE BBIPAKECHUS

sHauenue Qynkumn f (X)=(x+a+b)(x+a—-b)(x—a+b)(x—a-h)

omawmnee 3adanue:

10. (Hepasencmsa medsicdy cpeonumu) Jlansl uucna X,y € (O; %) . Haiinute MakcumanbHOE

COSX-COSYy
3HAYECHUE BBIPAKEHUA A= —T———=

ctgx +,/ctgy

11. (Oyenka crazaemvix) Halinure HanOoJIbIIIee 3HAUCHUE BHIPAKECHUS

X =14 % =1t X =1, €CTTH X, Xy ey Xogpg 2L 1 X, + X, + .o Xoppe = 4046,

12. (Hepasencmea meoncoy cpednumu) JIoKaxXuTe, 4TO U3 BCEX TPEYTOJILHUKOB JTaHHOTO

nepumeTpa, HaI/IGOHBI_HyIO omaiab UMECT paBHOCTOpOHHI/Iﬁ TPCYTOJIbHUK.



Pernenue 3anau.

3aoaua 1.

1 11
IonoxurenbHble yncia a,b,Cc Takossl, uto abc >1, a+b+c<—+ B + = . JlokazaThp, 4TO
a C

POBHO OJTHO M3 3THUX YMCEI 4, b, C MEHbBIIIE CAUHUIIBI.

Pewenue:

PaccMOTprM MHOTOYIICH ¢ KOPHSIMH &,b,C:
P(t)=(t-a)(t-b)(t-c)=
=t’—t*(a+b+c)+t(ab+bc+ca)-abc =
=t —at’+ pt—y

rne a=a+b+c, f=ab+bc+ca, y=abc
[To ycnosuto y >1;, f>a.

I[J'ISI AO0Ka3aTeJIbCTBA YTBCPIKACHHUA, UTO pPOBHO OAWH KOPCHb MHOTOYWICHA MCHbIIIC CAUHUIIBI,
JO0CTATOYHO JOKa3aTh, YTO 3HAYCHUEC MHOI'OYJICHA P (1) >0. HeﬁCTBHTeHBHO, H3 yCJIOBUA

P(1)=(1-a)(1-b)(1-c)>0 cnemyer, uro GO BCE TPH YHCIIA MEHBIIE CMHHIIBL, THOO POBHO

onHo. Ho Tak kak abc >1, To nepBslii cirydaii HEBO3MOKEH.

Wrak, nokaxem, ato P(1)>0.

fp ab+bc+ca 1 1

OtmeTnM, 4T0 — = ———— = —+—+ —, 9TO 110 yCIIOBUIO OOJbIIe @ =a+b+C, Torma
y abc c a b

B

~>a u f>ay,Torna
/4

P(t)=(t-a)(t-b)(t—c)=t>—at’ + pt—y
P(1)=(1-a)(1-b)(1-c)=1-a+p-y>l-a+ayr-y=(1-a)(1-y)
ITo ycnosuto ¥ = abc >1, ocraercsi OTMETHTD, 94TO o >1.

JIeHCTBUTENFHO, €CIIM CyMMa TPEX MOJIOKHUTENBHBIX YHCeNl o = a+D+C MeHbIe eAnHUIIBI, TO
KaXJI0€ U3 CIIaraeéMbIX MEHBIIE €IMHUIIBI, 3HAYNT UX MPOU3BEICHIE MEHBIIE € TUHHIIBI
(mpotuBOpeune).

3aoaua 2.

Jlnst yriaoB &, B,y ClpaBeTMBO HEPABEHCTBO SIN & +Sin #+Siny > 2. JlokaxwuTe, 4TO

COSa +¢0s B+C0sy <~/5.
Pewenue:

PaccmoTpim TpH Bektopa a(Cosa;sina); b(cos B;sin B); c(cosy;siny).



OTMeTuM, YTO IJIUHBI 3TUX BEKTOPOB paBHbI 110 1.

Torna

‘5+5+E‘ =\/(COSCZ+COSIB+COS]/)2 +(sina +sin S +sin 7/)2 2\/(00305+cosﬂ+0037/)2 +4
C npyroii CTopoHbI ‘5+5+6‘ < ‘é‘+‘6‘+‘6‘ =3.

Torna

\/(005a+cos,8+cos;/)2+4 <3
(00505+(‘,os,8+c037/)2 <9-4=5

oS +cos B+¢osy < /5

Uro u TpeOoBaNIOCh T0Ka3aTh.

3aoaua 3.

UssectHo, uto @ +b® =1 u ¢*+d? =1. Jlokaxure, uto ac+bd <1.

Pewenue:.

Paccmotpum okpyxHOCTB ¢ ieHTpoM B O (O; 0) u paguycoMm 1. YpaBHeHue

stoii okpyxuoctH X* + y? =1. Pacemorpum Toukn M (a;b) u K(c;d). Ux

KOOPJHMHATHI yIOBIETBOPSIIOT YPABHEHUIO OKPY>KHOCTH, 3HAUYNUT OHM JIEHKAT

Ha OKpY>XKHOCTH. PaccMoTpuM BekTopa W(a; b) u W(C; d ) . OHu o0a eIMHUYHBIE.

PaccMoTpuM CKallipHOE MPOU3BEICHHE ITHX BEKTOPOB OM -OK =ac+bd . Ormernm, uto
WWS‘CWHCW‘ =1, Torma ac+hd <1

3aoaua 4.

HpO IISATH IMOJIOKUTCIIBHBIX YUCCIT U3BECCTHO, UTO €CJIN U3 CYMMEI THOOBIX TPEX U3 HUX BbIYCCTH
CYMMY ABYX OCTaBIINUXCA, TO Pa3HOCTb 6y,ueT MOJOKHUTEIBLHOM. I[OKaBaTB, 4TO IMPOU3BEACHHUC
BCEX ICCATH TaKUX pa3HOCTeI>'I HE IMPEBOCXOAUT KBaApaTa IMMPOU3BCACHUA JaHHBIX IIATH YHUCCII.

Pewenue:

[Tycts a,a,,8,,a,,a8,— qaHHbIe yKcaa. Torna pa3odbeM Mpou3BeIeHHE JeCATH TaKUX pa3HOCTEN

Ha Mapbl ¥ BOCTIONb3yeMcst (GopMyIToil pa3sHOCTH KBaIpaToB:
(a,+a,+a,—a,—a;)(-a,+a,-a,+a, +a; )=

2 2 2
=a, _(a1+as_a4_a5) <a,
(a,+a,—a,+a,—a;)(-a,—a,+a,+a, +a; )=

=a42_(a1+a2_a3_a5)2 Sa42



-a,)(a,+a,-a,—a, +ag) =

(a,—a,+a;+a,
=a12—(a2 a4+a5)2 a1
(-a,+a,+a,+a,—a;)(a,—a, +a3 a,+ag)=
:a32

—(a,—a, +a5)2
)

(a1+a +a,—a,+a;)(a,—a,-a;+a, +a5) =

*(a,~a,~a,+a,) <a

[TepeMHOXHB 3T HEPABEHCTBA, MOJIyYUM TpeOyemoe

2

3aoaua 5. Haiigure Hanbosplee 3HaYeHUE 00beMa TPEYTOJIbHON MUPaMHIbI, Y KOTOPOii
2.

POTHBOIIOJIOXKHBIE peOpa paBHbI, & CyMMa JUIMH BCEX CTOPOH 36+/

Pewenue:
 Eciim mpoBecTH "epe3 kaxaoe pedpo MUpaMUIbl MII0CKOCTh

NapajuleJIbHYI0 NPOTUBOJIEKALIEMY PEOPY, TO MOIYUUTCS TPU
napbl INIOCKOCTEN, IPU MIEPECEUEHUH KOTOPBIX 00pa3yeTcs

-~ B
rapasulesienuIie]l, Ha3bIBAEMbII OMUCAHHBIM. Tak Kak
MIPOTHUBOJIEKAIIME pedpa paBHbI, TO B KaXK/I0W IpaHU

[ A\
! "\ \ AWaroHajiv paBHbI MCKAY 0060171, T.C. T'PAHH —
i I MMpAMOYT'OJIbHHUKH, a4 3HAYUT 3TOT IIAPpAJUICIICTIMIIC

\ IPAMOYTOJIbHBIH.
S
[ 2 [Tyctb pedpa onucanHoro napauienenunesa a,b,c, toraa ero
) f 0o0wveM paBeH V =a-b-c. O0beM MupaMuIbl COCTABIISET
a-b-c
TPETBIO YacTh 00bEMA STOrO mapamnenenunena, T.e. V, ... = 3

A
Tak kak X° —2xy+Yy? >0, X*+y*>2xy n > 3/Xyz (110 HEPABEHCTBY O CPETHHUX
= 7)), TO c/IeTIaTh OLEHKY JIJIsi CYMMBI JIJTHH CTOPOH

PaBEHCTBO JOCTHUTACTCS IIPHU X =

nupaMu/bl.

1842 = /a2 +b? +b? +¢2 ++/c? +a? >~/2ab +/2bc ++/2ca >

2 =+a’
>\/_ 33/@&'\/5 :\/5'33‘1 ab :3\/5.\3’3\/nupwwudbl

Torna
_18V2

3\’ 3vnupamu0bl 3 \/_

3
57

nupamuost — 3

PaBeHCTBO BO3HMKaeT mpu a =0b=cC



3adaua 6. Baytpu tpeyronsauka ABC ormernnmu Touky M. M3BecTHO, 4TO
AM = a; BM =b; CM =c . Morau ju omiaau tpeyroinsankos AMB, BMC, CMA okasatscst

paBHBIME @°, b%, C* COOTBETCTBEHHO.

Pewenue:

[TycTh yriiel MeXIy TPOBEICHHBIMU OTPE3KaMH PaBHbI &, [, ¥ . [Ipeanoaokum, 4To mIomna

MOIJIM UMETh TaKUEC BCJINYUHBI, TOT'1a

1. . 1 . 1, .
Eab5|na+5acsmﬁ+5bcsmy=SAMB+SBMC+SCMA:

2 12 2 1 . 1 . 1, .
=a“+b°+c 2ab+bc+ac>Eabsma+—acsmﬁ+5bcsmy

HOJ’Iy‘lI/IHI/I IIPOTHBOPCUYHEC, 3BHAYUT HALIC ITPCAITIOJIOKCHHNC HC BCPHO.

3aMeTHM, UTO HEPABEHCMBO MeHCOY CYMMOU K8AOPAMO8 U NONAPHLIMU NPOU3BEOEHUS YACTO
UCIIONIB3YETCs B 3a1a4ax (paBeHCTBO Ipu & =b =c¢).

JlercTBUTENBHO,

a2+b2+c2—ab—bc—ac:%(a2—2ab+b2+a2—2ac+cz+b2—2bc+c2)=

—((a-b) +(a=c)* +(o-cF)20

1 N 1
Y-x Y+x

3aoaua 7. Halinute Ha uHTEpBaje (—1; 1) HauMeHbIIee 3HAUYCHHE YHKIMH Y =

1 1 2
+ >
Yi-x Y+x Fh-x?

Pewenue: > 2. PaBeHcTBO nocturaercs mpu X =0;y =2

3aoaua 8. Ilycts a,b - monoxutensHbie yncna. Haiininte HanOoJIblee 3HAUCHNUE BBIPAKEHHS

a’+ab+b?
a’—ab+b’

Pewenue: Beinenum 1ienyro 4actb 1poou



a’+ab+b? (az—ab+b2)+2ab 2ab

= +
a’—ab+b? a’—ab+b? a’—ab+b?

=1+—2 =1+ —2 §1+—2 =3

2 2
a’—ab+b a_ b, ) /9'9_1
ab b a b a

3a0aua 9. Ilycts a,b - BemectBennsie yncna. Halinure HanMeHbIee 3HaueHHE (yHKIMH

f (x)=(x+a+b)(x+a-b)(x—a+b)(x—a-b)

Pewenue:
(x+a+b)(x+a-b)(x—a+b)(x—a-b)=

(x2 —(a+b)2)(x2 —(a—b)z):

(x*—a® —b” —2ab)(x* —a’ —b® + 2ab) =

(x2 —a%-p? )2 —4a%0? > —4a%?

PaBencTBO jocTuraercs mpu X =4/ a?+b?

. T ~
3adaua 10. lanel uucna X,y €| 0; E . Haiinute MakcumanbHOE 3HAYCHUE BBIPAKEHUS

A Jcos x-cos y
JJCtgx +./ctgy

Pewenue: TIpuMeHsss HEpaBEHCTBO JUIsl CPETHETO TAPMOHUYECKOI0 M CPETHETO
apu@mMeTnyeCKoro, noxydaem

«/COSX Cosy
=4/COSX-COS Y

1
\/Ctgx+,/ctg 1 1 m'z'(\/tg_x+\/@)_

J_ oy
1 Jsin x siny 1 - -
=7 -,/COS X -COS Y [\/ﬁ WJ 4'(x/smx-cosy+\/sm y-cosx)

3aMeTHM, 4TO \/a+\/5£1/2(a+b) npu mobsx a,b>0.

%~(\/sinx~cosy+\/sin y-cosx) \/_\/smx COS y +5in y-COS X =
=%Jsin(x+y)s£

T
PaBeHcTBO peanusyercs npu X =Y = )



3a0aua 11. Haiinure HanGonbIee 3HAYEHNE BHIPAKEHUS /X, —1 + /X, =1+ ...+ 4/ Xy, —1, €CTTH
Xis X ooy Xogpg =L M X, + X, + .04 Xy = 4046

Pewenue:

x-1)+1
3aMeTHM, 4YTO IS JJF000ro X BEPHO X—1> % = g

Torna

1/x1—1+‘/x2—1+...+4/x2023—12%+%+...+%:%(x1+x3+...+x2023):£246:2023

3adaua 12. Jlokaxxute, 4TO U3 BCEX TPEYTOJbHUKOB JAHHOTO IEPUMETPA, HAUOOJIBIIYIO
IUIOLIA/Ib UMEET PABHOCTOPOHHUM TPEYTOJIbHUK.

Pewenue:

ITo HEPABCHCTBY O CPCAHUX

%/(p_a).(p_b)'(p_c)S(p—a)+(p;b)+(p—c):3p—(a3+b+c):3p;2p :gl

2

s Jppar o B (pa)= o 2] - 2

Hepasercrso obpauaercs B papeHcTso npu (p—a)=(p—b)=(p—c),r.e.npu a=b=c



